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The mechanical properties of brain tissue may reflect or influence growth, remodeling, 
development, aging, and disease. However, brain tissue, especially white matter, is structurally 
anisotropic and has nonlinear strain-stress relationships, so common methods are not very useful 
to describe the mechanical properties of brain tissue.  Magnetic resonance elastography (MRE), 
based on the MRI imaging technique, can be used for measuring tissue mechanical properties non-
invasively. Therefore, the mathematical model that describes the relation between wave speed and 
tissue mechanical properties will essentially influence the accuracy of the prediction. The objective 
of this dissertation is to investigate the relationship between shear wave speeds and mechanical 
properties of soft fibrous anisotropic material. This was achieved through pursuit of the following 
aims: (1) to predict shear wave speeds from given material parameters and, conversely, to estimate 
parameters from the shear wave speed values in the nearly-incompressible transversely isotropic 
(NITI) HGO model; (2)  to extend the HGO one-fiber family model to a locally orthotropic model 
and a HGO two-fiber family model; (3) to develop an artificial neural network-based approach for 
estimating material properties of transversely isotropic materials.
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Chapter 1: Motivation and background 
1.1 Motivation 
Accurate measurements of mechanical properties of soft biological tissues are important for 
simulation and modeling. Mechanical properties of tissue may reflect, or influence, growth, 
remodeling, development, aging, and disease. However, it is challenging to characterize tissue 
properties, such as those of white matter in brain tissue, in vivo. Elastography, the estimation of 
mechanical properties from images of shear wave behavior, obtained either by ultrasound or 
magnetic resonance imaging (MRI), has emerged as a promising approach for non-invasive 
characterization of tissues. Elastography is currently implemented widely using assumptions of 
isotropic, linear elastic behavior. However, most biological tissues are viscoelastic, nonlinear and 
anisotropic. The general objective of this thesis work was to develop fundamental understanding 
of elastic wave propagation in such materials, in order to extend elastography to better characterize 
real tissues. 
1.2 Background 
1.2.1 Soft tissue material properties  
The mechanical properties of soft biological tissues have become the subject of increasing interest. 
In the past few years, there have been many studies involving measurement and estimation of 
tissue properties by various methods (indentation, ultrasound elastography, magnetic resonance 
elastography - MRE, etc.), in many biological tissues, both ex vivo or in vivo. I will not present an 
exhaustive list, but cite example studies below to illustrate the variety of methods and the range of 
parameter values found in recent studies. 
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Brain: Finan et al. [1] measured human brain tissue ex vivo using indentation tests and found the 
shear modulus of white matter between 0.3-1.8kPa dependent on relaxation time. Green et al. [2] 
presented an MRE method to evaluate white matter properties in vivo, finding an (isotropic) shear 
modulus around 2.7kPa.  
Liver: Kazemirad et al. [3] estimated the shear modulus of liver as 1-8kPa, varying with frequency, 
using a focused-ultrasound-based technique. Reiter et al. [4] measured the shear modulus of human 
liver ex vivo by indentation and found values around 4.3-16.7kPa.  
Muscle: Using ultrasound imaging of shear waves (“supersonic shear imaging”), Nordez et al. [5] 
estimated shear moduli of human muscle of approximately 21.7-23.2kPa and 42.6-44.8 kPa, 
respectively at different activity levels. Koo et al. [6] measured the ex vivo human muscle specimen 
using an ultrasound scanner and found that shear modulus varied between 20-90kPa in response 
to increasing passive muscle load. 
1.2.2 Nonlinear material response 
Because in MRE the motion is dynamic and infinitesimal, the estimated tissue mechanical 
properties of tissue are applicable only to a very small range of deformations: the linear, 
viscoelastic regime. However, many biological tissues exhibit nonlinear relationships between 




Figure 1.1 Nonlinear 𝜎-𝜖 relationship (a) without quasi-static deformation (“pre-deformation”)  (b) with quasi-static 
deformation (“pre-deformation”). MRE with pre-load can provide more data points on the curve which will results 
more acurately. 
To obtain the nonlinear relationship between strain and stress, a quasi-static large deformation 
(“pre-deformation”) may be applied, with a small dynamic harmonic actuation superimposed for 
MRE. The relationship between shear stress and strain is performed as Figure 1.1. Each voxel in 
this figure can be regarded as a point on the strain-stress curve, and nonlinearity of the material 
can be described by the tangent moduli at each level of pre-strain. 
1.2.3 Material anisotropy 
Most MRE studies use isotropic, linear, elastic or viscoelastic material models. However, many 
biological tissues, such as brain tissue [11, 12], liver [13,14], and cardiac muscle [15,16], have 
fibrous microstructure which provides structural anisotropy. Mechanical anisotropy in tissue can 
reflect disease, development, or re-modeling, and may inform tissue engineering and other 
therapeutic approaches. However mechanical anisotropy required more complex mathematical 
models and analysis. Only recently has MRE has been applied to investigate anisotropic material 
behavior [17-19]. Anisotropic MRE requires measurement of shear wave speeds as well as the 
angles between fiber direction and wave propagation and polarization directions.  
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1.2.4 Elastography techniques 
1.2.4.1 Magnetic resonance elastography 
Magnetic resonance elastography (MRE) is widely used for non-invasively detecting the 
mechanical properties of soft biological tissues, such as brain, liver, and cardiac muscle. In MRE, 
shear waves are generated by harmonic external mechanical actuation, this technique requires the 
application of shear waves to tissue (with frequencies in the acoustic range), a motion-sensitive 
MR imaging sequence to detect the propagating waves and an algorithm to generate an elastic 
modulus map of the tissue of interest (Manduca et al., 2001) [20]. 
1.2.4.2 Ultrasound elastography 
In 1987 and 1988, Lerner & Parker [21, 22] used ultrasound imaging of displacement to measure 
tissue stiffness. The point is to distinguish stiff tissues from softer tissues by their response to 
mechanical vibration. Krouskop et al. [23] proposed an ultrasound-based method which can be 
used to estimate the mechanical properties from wave speeds inside the tissue caused by the 
vibration applied on the surface of tissue. Yamakoshi et al. [24] obtained relatively stable 
measurement of mechanical properties inside the tissue from both amplitude and phase distribution 
of vibration-induced shear waves.  
1.2.4.3 MRE with focused ultrasound 
Some challenges remain in the use of MRE to characterize real tissue. Accurate estimation of 
anisotropic material properties requires the measurement of shear wave speeds in various 
propagation and polarization directions. Typically, the harmonic shear waves generated by 
external vibrations in MRE do not provide the data-rich fields required for estimation of 
anisotropic properties. Alternatively, focused ultrasound (FUS) can be used to generate motion 
internally through acoustic radiation force. FUS has been used for acoustic radiation force imaging 
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(MR-ARFI) [25, 26], harmonic motion imaging (HMI) [27, 28], mpA RFI [29], and MR imaging 
of harmonic ultrasound-induced motion (MR-HUM). In this research, MR-HUM is applied for 
noninvasively producing shear waves that propagate radially from the focus, providing the variety 
of propagation directions and polarization directions required for anisotropic property estimation. 
1.2.5 Machine learning algorithm 
A machine learning algorithm is a computer program that “learns” from experience. “A computer 
program is said to learn from experience (E) with respect to some class of tasks (T) and 
performance measure (P), if its performance at tasks in T, as measured by P, improves with 
experience E.” [30].  Advocates of machine learning claim that it mimics the human brain’s ability 
to recognize patterns and make decisions.  
Artificial neural networks (ANN) have emerged as one of the most popular machine learning 
methods in recent decades. ANNs are adaptive, parallel-distributed computational models that 
consist of many nonlinear elements arranged in patterns, similar to a network of simplistic 
biological neuron [31]. ANNs can be used for classification, as in distinguishing tumors from 
healthy tissue in cancer diagnosis [32-34], and for fitting. ANNs have been used to estimate 
mechanical properties of materials like fiber-reinforced concrete [35,36], food products [37], and 
biological tissues [38, 39].  
“Shallow” ANNs applied in this dissertation generally consist of three parts: an input layer, a 
hidden layer, and an output layer. In a “shallow” ANN there is only one hidden layer, in contrast 
to “deep” ANNs with multiple hidden layers. Using a “shallow” ANN will reduce the time cost 
and perform well for relatively simple tasks, like nonlinear regression, or simple classification. 
Training of the neural network is the process of adjusting parameters in the hidden layers until the 
neural network prediction matches specific output features of a data set. Typically, the root-mean-
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squared error (RMSE) between the output of the neural network and the data is used as a 









where 𝑂𝑝𝑟𝑒 is predicted value from the neural network, 𝑂𝑜𝑢𝑡 is the corresponding output value, 𝑛 
is the number of samples. 
Our goal is to generate an artificial neural network to estimate parameters that reduce error the 
difference between predicted and measured features of displacement fields. In doing so, it is 
important to avoid “overfitting” which may improve performance in training but decrease 
robustness in real-world applications. Bayesian regularization, which is used in this dissertation, 
is a training algorithm that adds terms in the loss function to avoid overfitting; it minimizes a linear 
combination of RMSE and parameter magnitudes. The linear combination can be tuned so that at 
the end of training the resulting network should generalize well from training to application [40]. 
1.3  Overview of dissertation 
This thesis focuses on understanding the behavior of mechanical waves in nonlinear anisotropic 
soft fibrous materials. As noted above, this understanding is needed for characterizing and 
modeling biological tissues, and ultimately to improve the diagnosis, prevention, and treatment of 
disease. To demonstrate the ability to obtain accurate results, closed-form expressions for the wave 
speeds, as functions of pre-deformation and material parameters, were derived and confirmed by 
numerical simulations. These results illustrate the feasibility of a new approach to parameter 
estimation for nonlinear material models of fibrous soft matter. 
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1.3.1  Specific Aims and Organization of Thesis 
Three specific aims were pursued: 
Aim 1: Establish the relationships between mechanical properties of soft tissue (nearly-
incompressible transversely isotropic material) and shear wave speeds, focusing on the HGO 
single-fiber-family model 
Aim 2: Extend the range of material models to find shear wave speeds in orthotropic materials and 
the HGO two-fiber-family model. 
Aim 3: Use a machine learning method (neural network training) applied to data from MRI of 
harmonic, ultrasound-induced motion (MR-HUM) to estimate the mechanical properties of 
transversely isotropic (TI) material.  
Chapter 2 provides the basic theory used in this thesis. Equations of motion and basic stress-strain 
relationships in elastic continua are reviewed. The wave equation and its relationship to material 
properties are derived. Local frequency estimation (LFE) is introduced for measuring wave speeds. 
Chapter 3 describes the modeling and analysis of shear wave behavior in NITI material under pre-
deformation and gives closed-form expressions for the relationships between shear wave speeds 
and material properties. A sensitivity analysis is also given to characterize robustness of parameter 
estimation. 
Chapter 4 extends the analysis of Chapter 3 to orthotropic materials and nonlinear fibrous materials 
described by a two-fiber family model: the Holzapfel-Gasser-Ogden, or HGO model. Shear wave 
speeds are obtained for two different mathematical models: (1) a linear, elastic, orthotropic model 
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and (2) the nonlinear HGO model. As in Chapter 3, predicted speeds from closed-form expressions 
are compared to the results of numerical simulations. 
Chapter 5 illustrates the use of a neural network training method that uses predictions (strain ratios, 
fiber angle, and shear wave speeds) from simulations as input features to estimate the parameters 
of a TI material from experimental (MR-HUM) data. An ensemble of neural networks is applied 
to each set of experimental data to provide a range of estimates and approximate confidence 
intervals for each parameter. The effects of various assumptions in the simulation are explored to 
assess the robustness and accuracy of the machine learning approach. 
Chapter 6 concludes the thesis and discussed limitation and future work.  
1.3.2 Statement of Contributions   
This thesis is a culmination of my work in the Bayly Lab at Washington University in St. Louis 
from Jan 2018 through June 2021. All aspects of the research presented in the thesis were advised 
by Philip Bayly and Ruth Okamoto. The following paragraphs describe my contributions in more 
detail. 
The work described in Chapter 3 is reproduced from Hou et al. [41].  I developed the closed-form 
expression for shear wave speeds of the one-fiber family material model under different 
configurations. I illustrated the effect on slow and fast shear wave speeds based on various model 
parameters in one-fiber family HGO model. I used the linear regression to estimate the model 
parameters from shear wave speeds and analyze the sensitivity to noise added on the data. 
The work described in Chapter 4 is based on a collaboration with Philip Bayly and Ruth Okamoto 
to develop the relationship between shear wave speeds and two-fiber family material model. I 
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developed the closed-form expression of shear wave speeds under undeformed configuration and 
deformed configuration with shear and compression. I obtained the compliance and stiffness 
matrices in two-fiber family material using model parameters in both classic linear elastic model 
and HGO anisotropic model. 
The work described in Chapter 5 is based on collaboration with Philip Bayly and Charlotte Guertler. 
Charlotte Guertler set up the experiment and prepared the gel and muscle material for testing. I 
used the simulated results for training artificial neural network (ANN) and estimated the model 
parameters from the experimental data. I estimated the parameters under different conditions and 
figured out how those conditions influenced the estimated results. I worked with Philip Bayly on 




Chapter 2: Theoretical background and 
mechanical properties of material 
2.1 Overview 
This chapter introduces the basic theory used in this dissertation. The displacement vector and 
corresponding strain-stress relationships in various material models are introduced. Next, the wave 
propagation and definition of polarization and propagation direction are revealed, the relations 
between shear wave speeds and material properties are given. Finally, the implementation of 
mechanical models in simulation through COMSOL Multiphysics is described, along with the 
background on local frequency estimation (LFE), which is applied to estimate wave speeds and 
mechanical properties from displacement fields. 
2.2 Mechanics 
2.2.1 Displacement and Strain 
Displacement is a function of position: 
𝑥𝑖 = 𝑋𝑖 + 𝑢𝑖 (𝑖 = 1,2,3) (2.1)  
𝒖 = 𝑢𝑖𝒆𝒊 (𝑖 = 1,2,3) (2.2) 
Where 𝑿 (described by cartesian components 𝑋𝑖 )  is the position before deformation, 𝒙 (described 
by cartesian components 𝑥𝑖 ) is the position after deformation, and the vector 𝒖 (with components 
𝑢𝑖 ) is the displacement between the two positions. The Lagrangian strain tensor 𝑬  for large 




(𝑭𝑻𝑭 − 𝑰) =
𝟏
𝟐
(𝛁𝒖 + 𝛁𝒖𝑻 + (𝛁𝒖𝑻)𝛁𝒖) (2.3) 
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where 𝑭 is the deformation gradient tensor (𝑭 = 𝛁𝒖). For an infinitesimal element, the nonlinear 




(𝑭𝑻𝑭 − 𝑰) ≈
1
2
(∇𝒖 + ∇𝒖𝑻) (2.4) 












































































2.2.2 Constitutive laws: stress-strain relationships 
The strain-stress relationship in linear elastic materials can be captured compactly by the 
compliance tensor 𝓢, and corresponding elasticity tensor 𝓐 = 𝓢−𝟏:  
𝜎𝑖𝑗 = 𝒜𝑖𝑗𝑘𝑙𝜖𝑘𝑙  𝑜𝑟 𝜖𝑖𝑗 = 𝒮𝑖𝑗𝑘𝑙𝜎𝑘𝑙 (2.6) 
These tensors can be compactly expressed in Voigt notation. According to Voigt notation, 
𝐴𝑚𝑛 = 𝒜𝑖𝑗𝑘𝑙 where 𝒎 and 𝒏 are respectively corresponding to 𝒊𝒋 and 𝒌𝒍 (Table 2.1). The general 
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There are a total of 21 independent elements in both symmetric matrices, but the number of 
elements can be reduced further if the material is anisotropic or isotropic, as they will be introduced 
in following paragraphs. 










In an isotropic material, mechanical properties are independent of loading direction. The number 










𝑎11 𝑎12 𝑎12 0 0 0
𝑎12 𝑎11 𝑎12 0 0 0
𝑎12 𝑎12 𝑎11 0 0 0
0 0 0 𝑎11 − 𝑎12 0 0
0 0 0 0 𝑎11 − 𝑎12 0















𝜆 + 2𝜇 𝜆 𝜆 0 0 0
𝜆 𝜆 + 2𝜇 𝜆 0 0 0
𝜆 𝜆 𝜆 + 2𝜇 0 0 0
0 0 0 2𝜇 0 0
0 0 0 0 2𝜇 0







where 𝜆 and 𝜇 can be defined by the Young’s modulus 𝐸, and Poisson’s ratio 𝜈: 
𝜆 =
𝐸𝜈








































































































































































ii. Anisotropic  
In an anisotropic material, the material properties in each direction are not all equal to each other 
(though two of them may be equal). Two special cases of anisotropic materials are discussed in 
this dissertation: 
a. Transversely isotropic (TI) material 
In a transversely isotropic material model, one axis of symmetry defines the material behavior. 
Properties are invariant to rotation about this axis, and the material responds differently to loading 
along this axis compared to loading in the plane normal to the axis (the plane of isotropy). The 




Figure 2.1 symmetry plane in transversely isotropic material. The fiber direction is in the 𝑋-axis, symmetry plane is 
parallel to the 𝑋𝑍-plane. 
In this case the number of independent constants in stiffness matrix 𝑨 are reduced to five. If the 
symmetry axis is the 1-direction, the parameters can be the components of the stiffness matrix: 


































































































































Two constants can be reduced because 𝜈21 =
𝐸2
𝐸1
𝜈12 , 𝜇2 =
2(1+𝜈2)
𝐸2
. For a nearly incompressible, 
transversely anisotropic material with tensile anisotropy, 𝜁 =
𝐸1
𝐸2
− 1  , and shear anisotropy 𝜙 =
𝜇1
𝜇2

























































































If exact material incompressibility is assumed, the number of independent material constants can 
be reduced to three using the constraints: 𝜈12 =
1
2
, 𝜈2 = 1 − 𝜈21  . 
































































b. Orthotropic material 
In an orthotropic material model, the material properties are different on any pair of perpendicular 
directions, and the number of constants in stiffness matrix  𝑨  are reduced to nine 





























































































































If the material is incompressible, there are three additional constraints relating the components of 
the elasticity tensor, and the compliance and stiffness matrices. In this case, the Poisson’s ratios 













)   (𝑘 ≠ 𝑖 ≠ 𝑗, 𝑖, 𝑗 = 1,2,3) (2.21)  
Thus, the number of independent constants is reduced to six in the general, incompressible, 
orthotropic case. 
2.2.2.2 Viscoelasticity 
Viscoelasticity is common and popular in the research of biological materials mechanics. Unlike 
metals or other solids, the biological tissues present complicated mechanical properties because it 
contains both elastic solid and viscous fluid. In the viscoelastic tissue, the relationship between 
strain and stress is time-dependent (Figure 2.2). When the tissue is stretched to a certain strain 
level, the stress gradually decreases with time (Figure 2.2(a)). On the other side, when tissue is 




Figure 2.2 Time-dependent stress and strain in the viscoelastic material. (a) stress gradually decreases with time when 
tissue is stretched to a certain strain level. (b) strain increases and then keeps constant when tissue is stretched to a 
certain stress level. 
In the time domain, the isotropic viscoelastic shear modulus may be expressed by the Prony series: 







where 𝜇0 is the instantaneous elastic shear modulus, 𝜏𝑖 are relaxation times, 𝑁 is the total number 
of Prony series terms. The long-term elastic modulus 𝜇∞ = 𝜇0 − ∑ 𝜇𝑖
𝑁
𝑖=1 . 
In the frequency domain, in the isotropic material, the complex shear modulus 𝜇∗ is expressed as: 
𝜇∗ = 𝜇′ + 𝑖𝜇′′ (2.23) 
where the real part 𝜇′ is called the storage modulus, and the imaginary part 𝜇′′ is called the loss 
modulus. In the anisotropic material, commonly there is an anisotropic elastic moduli 𝜇, and 
corresponding isotropic loss factor 𝜂. The imaginary part is the multiplications of these two factors. 
2.2.2.3 Hyperelasticity 
For most biological materials, the mechanical properties are nonlinear and dependent of strain rate 
which means a linear elastic material model cannot properly describe the relationship between 
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strain and stress. Therefore, hyperelastic material models are introduced to analyze these materials. 
Generally, strain energy function is used for explaining the material property instead of elasticity 
tensor. There are two kinds of models discussed and applied in this research: 
i. Isotropic – Neo-Hookean 
Neo-Hookean model is an hyperelastic model which is applied in the isotropic material area.  
The basic formulation for compressible Neo-Hookean model is: 
𝑊 = 𝐶10(𝐼1̅ − 3) +
1
𝐷1
(𝐽 − 1)2, 𝐽 = det(𝑭) = 𝜆1𝜆2𝜆3 (2.24) 
where 𝑊 is the strain energy, 𝐶10 and 𝐷1 are material constants, 𝑭 is the deformation gradient, 𝐼1̅ 
is the first deviatoric invariant of the right Cauchy-Green deformation tensor, which can be 







2 (2.25)   
𝜆1, 𝜆2 and 𝜆3 are the principal stretch ratio in each Cartesian direction (𝑋, 𝑌 and 𝑍).𝜆1̅̅̅, 𝜆2̅̅ ̅ and 𝜆3̅̅ ̅ 
are the deviatoric stretch ratio in each Cartesian direction (𝑋, 𝑌 and 𝑍). 𝐼1 = 𝜆1
2 + 𝜆2
2 + 𝜆3
2 is the 
first invariant of Cauchy-Green strain tensor.  
For consistency with linear elasticity (which governs small deformations with respect to the un-
deformed reference configuration), a nonlinear model should also be able to describe small-strain 
behavior. In small deformations, the Neo-Hookean material model replicates the behavior of a 










where 𝜇 is the shear modulus and 𝐾 is the bulk modulus. 
If the material is assumed to be completely incompressible (𝐾 → ∞, 𝐽 = 1), then the strain energy 
can be simplified to: 
𝑊 = 𝐶10(𝐼1 − 3) (2.27) 
ii. Anisotropic – Holzapfel-Gasser-Ogden (HGO) model 
HGO model is a hyperelastic model which is widely used in the biomechanics area to characterize 
the mechanical properties of fiber-reinforced soft fibrous biological tissues, such as liver, cardiac 
muscle, artery wall, white matter, etc. The HGO model provides the strain-energy as an expression: 
𝑊 = 𝑊𝑖𝑠𝑜 + 𝑊𝑎𝑛𝑖𝑠𝑜 + 𝑊𝑣𝑜𝑙 ,   where 𝑊𝑖𝑠𝑜 =
𝜇
2
(𝐼1̅ − 3),𝑊𝑣𝑜𝑙 =
𝐾
2
(𝐽 − 1)2, 








;     ?̅?𝑖 = 𝜅𝐼1̅ + (1 − 3𝜅)𝐼4̅𝑖 − 1,   𝑓𝑜𝑟 𝐼4̅𝑖 > 1. (2.28) 
In this expression, 𝑊 is the sum of an isotropic contribution (Neo-Hookean with 𝜇/2 =  𝐶10), a 
volumetric contribution (parameterized by the bulk modulus, 𝐾), and an anisotropic contribution 
of 𝑁 fiber families each associated with a primary fiber direction 𝒂𝑵. The parameters 𝑘1 and 𝑘2 
describe the initial slope and nonlinearity of the strain-stress curve, and 𝜅 indicates the dispersion 
parameter which describes how strongly the fibers are aligned (the material would be transversely 
isotropic when 𝜅 = 0, and isotropic when 𝜅 = 1/3). It needs to be noted that the nonlinearity 
comes almost entirely from the 𝑊𝑎𝑛𝑖𝑠𝑜 term. 
2.2.3 Equations of Motion 
According to Newton’s 2nd Law (𝑭 = 𝑚𝒂), the force applied on the body should be equal to the 
acceleration multiplied by the body’s mass.  
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For a material element of an arbitrary solid, the relation of stress and displacement can be described 
as: 




Where 𝝈 is the incremental stress tensor, 𝜌 is the material density, 𝒖 is the displacement tensor 
field in a Cartesian coordinate system (𝑋,𝑌 and 𝑍), 𝑡 is the time.  
2.3 Wave Propagation  
2.3.1 Harmonic plane waves: polarization and propagation 
A plane wave traveling in the nearly-incompressible transversely isotropic is expressed as: 
𝒖(𝒙, 𝑡) = 𝑢0𝒎𝑒𝑥𝑝(𝑖(𝑘𝒏 ∙ 𝒙 − 𝜔𝑡) = 𝑢0𝒎𝑒𝑥𝑝(𝑖𝑘(𝒏 ∙ 𝒙 − 𝑐𝑡) (2.30) 
where  𝒖  is the shear wave displacement, 𝑡  is time, 𝑢0  is the amplitude of shear waves 
displacement, 𝒎 is the polarization direction (which means particle motion direction), 𝒏 is the 
wave propagation direction, 𝑘 is the wave number, 𝜔 is the excitation frequency of shear waves, 
and 𝑐 is the shear wave speed. 
2.3.2 Acoustic tensor 
The speeds of plane waves in a uniform, linear elastic material are obtained from the eigenvalues 
of the acoustic tensor 𝑸. 
𝜌𝑐2𝒎 = 𝑸(𝒏) ∙ 𝒎 (2.31) 
where 𝜌𝑐2 is the eigenvalue of the acoustic tensor 𝑸, 𝜌 is the density of material, 𝑐 is the wave 
speed, 𝒏 is the propagation direction of the wave, and 𝒎, the eigenvector of the acoustic tensor, is 
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the polarization direction vector of the plane wave. The acoustic tensor 𝑸  corresponding to a 
specific propagation direction, 𝒏, is calculated from Eq. (2.32) below: 
𝑸 = 𝒏 ∙ 𝓐 ∙ 𝒏 (2.32) 
Here 𝓐 is a fourth-order elasticity tensor which describes the relationship of the incremental stress 
tensor, ?̃?, and the incremental strain tensor, ?̃?, specifically: ?̃? = 𝓐 ∙ ?̃?  In Cartesian coordinates 
this relationship can be written in indicial notation, ?̃?𝑖𝑗 = 𝒜𝑖𝑗𝑘𝑙𝜀?̃?𝑙 . For nonlinear models with 
constitutive behavior defined by the strain energy density function,𝑊(𝑭), the components of the 





where 𝑭 is the deformation gradient tensor (which accounts for the effects of pre-deformation). 
For finite strain, 𝓐 is a function of the deformation state defined by 𝑭, therefore 𝓐 and 𝑸 can 
describe small-amplitude wave motion superimposed on a larger initial deformation, which we 
will refer to as “pre-deformation.” 
Since the acoustic tensor, 𝑸, depends on 𝒏, the wave speeds also depend on 𝒏. In general, for 
anisotropic materials there are three distinct eigenvalues (wave speeds) and three corresponding 
eigenvectors (polarization directions), which means there may be three plane waves that propagate 
in the same direction. However, material symmetries and constraints can reduce the number of 
possible distinct wave speeds.  
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2.3.3 Wave speeds and directions 
In an isotropic linear elastic material with shear modulus, 𝜇 and bulk modulus, 𝛫, the acoustic 
tensor is the same for all propagation directions, and only two wave speeds exist: one longitudinal 




and polarization parallel to the propagation direction (𝒎 = 𝒏); shear waves have 𝑐2 = 𝜇/𝜌 and 
polarization direction  𝒎 ⊥ 𝒏 . In an isotropic, incompressible linear elastic material, the bulk 
modulus and longitudinal wave speed become infinite, and only one material parameter, 𝜇, and 
one finite (shear) wave speed remains to be determined.  
In anisotropic materials, three distinct wave speeds and three corresponding polarization vectors 
are obtained from the eigenvalue problem in Eq. (2.31). In transversely isotropic and orthotropic 
materials, the three plane wave modes are typically known as “pure shear” (or “slow”), “quasi-
shear” (or “fast”), and “quasi-longitudinal” waves. 
2.4 Numerical methods to simulate and analyze wave motion 
2.4.1 Finite element method – implementation in COMSOL 
Finite element analysis (FEA), as a popular method to simulate the real experiment, is widely used 
in the solid mechanic research. To verify the analytical results, FE simulations of shear wave 
propagation were performed using finite element software (COMSOL MULTIPHYSICS v5.3, 
Burlington, MA). In the COMSOL software, there are some predefined material models (e.g. Neo-
Hookean model, Yeoh model, etc.) that can be directly applied. However, the HGO model is not 
implemented in COMSOL yet, so it must be defined by users themselves. 
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In COMSOL, the HGO model is defined by its strain energy function introduced above. Total 
strain energy will be separated into three parts: isotropic strain energy 𝑊𝑖𝑠𝑜,  anisotropic strain 
energy 𝑊𝑎𝑛𝑖𝑠𝑜  and volume energy 𝑊𝑣𝑜𝑙, as Figure 2.3 shows: 
 
Figure 2.3 strain energy function setup in COMSOL Multiphysics 
Nearly-incompressible material can be selected and the bulk modulus and other model parameters 
can be defined by user. Fiber directions are defined in the entire geometry domain. 
2.4.2 Local Frequency Estimation (LFE) 
In the LFE method, the local wave frequency can be estimated from the relative amplitudes of the 
wave field after filtering with filters of radial and directional components [42]. Each radial log-
normal filter is defined by a bandwidth and a center frequency. In this research, we used a half-







   
26 
 
where 𝜌 is the magnitude of the frequency vector. The 𝑖𝑡ℎ center frequency 𝜌𝑖 can be defined as a 
function of base frequency 𝜌0. The directional function can be defined in the Fourier domain using 
the local unit vector from the Fourier domain and filter directing vector in 𝑗𝑡ℎ  direction: 
𝐷𝑘(?̂?) = (?̂? ∙ ?̂?𝒋)
2
    𝑗 = 1,2,3 (2.35) 
The radial and directional filters are the multiplication of these two: 
𝑄(𝒖) = 𝑅𝑖(𝜌)𝐷𝑘(?̂?) (2.36) 
The narrow-band local spatial frequency 𝜌𝑁𝐵  (in waves/domain size) is calculated from the ratios 






 (2.37)  
The wide-band spatial frequency estimate 𝜌𝑊𝐵  (waves/domain) in each voxel is provided by the 
narrow band estimates, where 𝑁 is the number of frequency filter: 









𝑁𝐵) (2.38)  
Finally, the shear modulus 𝜇 can be estimated from the excitation frequency 𝑓, estimated spatial 
frequency 𝜌𝑊𝐵 , and material density 𝜌𝑀 : 






This estimate is based on the local wavelength 𝜆 = 𝐿/𝜌𝑊𝐵 (m) and wave speed 𝑐 = 𝑓𝜆 (m/s). The 




Figure 2.4 Application of 3D Local Frequency Estimation (3D LFE) method applied to MRE data. Reproduced from 
[43]. 
It needs to be noted that, although LFE has the advantage of multi-scale data averaging for the 
estimation, it has inevitable limitations associated with (i) using the Fourier transform in a discrete 
finite domain and (ii) using a finite number of filters with finite bandwidth. In particular, LFE 
estimates of material properties near domain boundaries or in regions of local heterogeneity 
(spatial variations in material properties) will be inaccurate. To minimize the effects of these 
limitations, LFE estimates should be “masked” near boundaries or where a high degree of local 
wavelength variation is detected; the LFE algorithm provides a “certainty” measure (0<certainty<1) 
that is close to 0 under that condition. 
2.5 Summary 
These methods introduced here will be applied in the following chapters. In these chapters, the 
relationship between shear wave speeds and mechanical properties will be clarified and used to 
characterize anisotropic biological tissues and biomaterials. 
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Chapter 3: Shear wave speeds in nearly-
incompressible fibrous materials with one 
fiber family1 
3.1 Overview 
This chapter describes the propagation of shear waves in a Holzapfel-Gasser-Ogden (HGO) 
material and investigates the potential of magnetic resonance elastography (MRE) for estimating 
parameters of the HGO material model from experimental data.  In most MRE studies the behavior 
of the material is assumed to be governed by linear, isotropic elasticity or viscoelasticity.  In 
contrast, biological tissue is often nonlinear and anisotropic with a fibrous structure. In such 
materials, application of a quasi-static deformation (pre-deformation) plays an important role in 
shear wave propagation. Closed form expressions for shear wave speeds in an HGO material with 
a single family of fibers were found in a reference (undeformed) configuration and after imposed 
pre-deformations. These analytical expressions show that shear wave speeds are affected by the 
parameters (𝜇0, 𝑘1, 𝑘2, 𝜅) of the HGO model and by the direction and amplitude of the pre-
deformations. Simulations of corresponding finite element models confirm the predicted influence 
of HGO model parameters on speeds of shear waves with specific polarization and propagation 
 
1 The work described in this chapter is reproduced from Hou et al. [30].  I developed the closed-form expression for 
shear wave speeds of the one-fiber family material model under different configurations. I illustrated the effect on 
slow and fast shear wave speeds based on various model parameters in one-fiber family HGO model. I used the linear 





directions. Importantly, the dependence of wave speeds on the parameters of the HGO model and 
imposed deformations could ultimately allow non-invasive estimation of material parameters in 
vivo from experimental shear wave image data. 
3.2 Introduction 
Elastographic techniques, including both ultrasound elastography and magnetic resonance 
elastography (MRE) have great potential for non-invasive evaluation of the mechanics of soft 
tissues. Harmonic MRE is based on MR imaging of shear waves induced by external vibration of 
the tissue, followed by inversion of the displacement fields to estimate material parameters. MRE 
has been used to quantify non-invasively the material properties of many biological tissues, such 
as skeletal muscle [44], liver [13, 14], and brain [12]. Most MRE studies use linear elastic or 
viscoelastic material models, and typically the material is assumed to be isotropic. Recently, MRE 
has been extended to use anisotropic material models, such as a three-parameter model [17-19] for 
nearly-incompressible, transversely isotropic, fibrous materials. However, these models still rely 
on the assumptions of linear elasticity, while many biological tissues exhibit nonlinear strain-stress 
relationships [45].  
Nonlinear hyperelastic models have been successfully applied to describe the mechanics of soft 
biological materials [46, 47]. The Holzapfel-Gasser-Ogden (HGO) model in particular is 
straightforward and widely used to model fibrous soft tissues [48, 49]; it contains separate terms 
to describe the contributions of fiber deformation to the strain energy, and can model an isotropic 
nonlinear material (with 𝜅  = 1/3), or a strongly anisotropic material with single or multiple 
“families” of fibers. Estimating the parameters of hyperelastic models from experimental data 
remains an important challenge.  Here we demonstrate that wave speed data, such as those 
available from MRE studies, can be used for this purpose.  
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Shear waves in MRE consist of infinitesimal dynamic deformations, which may be superimposed 
on larger, quasi-static “pre-deformations.”  Shear wave speeds in a nonlinear material are 
determined by both its mechanical properties and its deformation state. In this study, closed-form 
expressions for shear wave speeds in the HGO model are obtained in terms of the model parameters 
and imposed pre-deformations. Analytical expressions for wave speeds were confirmed by 
performing finite element simulations of shear waves in a pre-deformed cube of HGO material 
with a single fiber family. Local frequency estimation (LFE) was used to estimate speeds of shear 
waves with various polarization and propagation directions from simulated displacement fields. 
Finally, we demonstrate, using simulated data, the feasibility of estimating the material parameters 
of the HGO model from shear wave speeds. 
3.3 Theoretical Methods 
3.3.1 Wave speeds in transversely isotropic elastic materials 
Shear wave speeds in an elastic material are calculated from the eigenvalues of the acoustic tensor 
[50, 51], as in Eq. (3.1): 
𝜌𝑐2𝒎 = 𝑸(𝒏) ∙ 𝒎 (3.1) 
where 𝜌𝑐2 is the eigenvalue of the acoustic tensor 𝑸, 𝜌 is the density of material, 𝑐 is the shear 
wave speed, 𝒏 is the propagation direction of wave, 𝒎 is the polarization direction vector of the 
shear wave. The acoustic tensor 𝑸  for a specific propagation direction, 𝒏, is obtained from Eq. 
(3.2) [50, 51] below: 
𝑸 = 𝒏 ∙ 𝑨 ∙ 𝒏 (3.2) 
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where 𝑨 is a fourth-order elasticity tensor which relates the incremental strain tensor, ?̃?, and 
incremental stress tensor, ?̃?. In Cartesian coordinates this relationship can be expressed in indicial 
notation, ?̃?𝑝𝑖 = 𝐴𝑝𝑖𝑞𝑗𝜀?̃?𝑗. For nonlinear models, such as the HGO model, the components of the 
elasticity tensor can be obtained from the relationship  𝐴𝑝𝑖𝑞𝑗 = 𝐹𝑝𝛼𝐹𝑞𝛽
𝜕2𝑊
𝜕𝐹𝑖𝛼𝜕𝐹𝑗𝛽
 , where 𝑭 is the 
deformation gradient tensor which accounts for the effects of pre-deformation [13, 14], and 𝑊 is 
the strain energy function. Thus, in principle, shear wave speeds can be used to estimate material 
parameters.  
Since the acoustic tensor, 𝑸, depends on the propagation direction, 𝒏, in general wave speeds 
depend on 𝒏 . Also, 𝑸 , may have up to three distinct eigenvalues (wave speeds) and three 
corresponding eigenvectors (polarization directions) so that there may be three plane waves that 
propagate in the same direction.   However, material symmetries and constraints reduce the number 
of possible wave speeds. In an isotropic linear elastic material with shear modulus, 𝜇 and bulk 
modulus, 𝛫, the acoustic tensor is the same for all propagation directions, and only two wave 
speeds exist: one longitudinal and one transverse (shear). Longitudinal waves in isotropic materials 
have 𝑐2 = (𝛫 +
4𝜇
3
)/𝜌 [52], and polarization parallel to the propagation direction ( 𝒎 = 𝒏 ); 
corresponding shear waves have 𝑐2 = 𝜇/𝜌  and polarization  𝒎 ⊥ 𝒏 . In an isotropic, 
incompressible linear elastic material, the longitudinal wave speed becomes infinite, and only one 
parameter, 𝜇, remains to estimate.  
A linear elastic, transversely isotropic (TI) material requires five parameters to describe its 
constitutive behavior. These can be, for example two tensile moduli (𝐸1, 𝐸2), two shear moduli 
(𝜇1, 𝜇2) and a bulk modulus (𝛫). If the material is incompressible, three parameters are sufficient, 
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for example baseline shear modulus (𝜇2) and two ratios: shear anisotropy 𝜙𝑇𝐼 = (
𝜇1
𝜇2
− 1) and 
tensile anisotropy 𝜁𝑇𝐼 = (
𝐸1
𝐸2
− 1). In a linear elastic, nearly-incompressible, transversely isotropic 
(TI) material, in which anisotropy is due to a single family of aligned fibers, the shear wave speeds 
depend in a relatively simple fashion on the material properties and the wave propagation direction 
relative to the fibers [52].  Shear waves can be separated into slow and fast shear waves in different 
polarization directions. The slow and fast shear wave polarization directions under no pre-




             𝒎𝒇 = 𝒏 × 𝒎𝒔  (3.3) 
where 𝒏 is the propagation direction of the shear wave, 𝒂 is the fiber orientation after deformation, 
and 𝒎𝒔  and 𝒎𝒇  are the slow and fast polarization directions, respectively. The corresponding 
wave speeds in this linear elastic material, which depend on the angle, 𝜃 , between fiber and 
propagation directions are:  
𝑐𝑠
2 =  
𝜇2
𝜌
[1 +  𝜙𝑇𝐼  cos
2(𝜃)];        𝑐𝑓
2 =  
𝜇2
𝜌
[1 +  𝜙𝑇𝐼  cos
2(2𝜃) +  𝜁𝑇𝐼 sin
2(2𝜃)] (3.4)   
 
Figure 3.1 Wave propagating with two polarization directions in a transversely isotropic material. (a) A “slow” shear 
wave is produced by harmonic shear displacement in the slow polarization direction, 𝒎𝒔.  (b) A “fast” shear wave 
arises from harmonic shear displacement in the fast polarization direction, 𝒎𝒇. The wavelength of a fast shear wave 
is typically longer than that of a slow shear wave. Reproduced from reference [53]. 
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3.3.2 The Holzapfel-Gasser-Ogden model 
The Holzapfel-Gasser-Ogden model, which is an influential recent model for fibrous soft tissues, 
was proposed by Holzapfel et al. [54]. The strain energy density function is a sum of isotropic and 
anisotropic terms: 
𝑊 = 𝑊𝑖𝑠𝑜 + 𝑊𝑎𝑛𝑖𝑠𝑜 (3.5) 
The isotropic part of its strain energy density function contains both volumetric and isochoric terms:  




(𝐽 − 1)2,      𝑊𝑖𝑠𝑜𝑐ℎ𝑜𝑟𝑖𝑐 =
𝜇
2
(𝐼1̅ − 3), (3.6) 
where 𝐾 and 𝜇 are the bulk modulus and the isotropic shear modulus respectively, 𝐼1̅  is the 
modified first invariant defined by 𝐼1̅ = 𝐽
−2 3⁄ 𝐼1, (𝐽 = det 𝑭) , where 𝐼1  is the first variant of 
Cauchy-Green strain tensor 𝑪. Many soft materials have shear moduli roughly between 102-105 
Pa, spanning acellular collagen and fibrin gels [55-58], brain tissue [59, 60], and muscle [61]. 
Anisotropic terms in the strain energy density function can have different forms depending on fiber 
arrangement: 
(1) Single fiber-family model (transversely isotropic, TI): Terms in the strain energy density 
function reflecting the effects of fibers with a distribution of orientations centered on the unit 




{exp[𝑘2(𝜅𝐼1̅ + (1 − 3𝜅)𝐼4̅ − 1)
2] − 1},            𝑓𝑜𝑟 𝐼4̅ > 1. (3.7) 
where 𝐼4̅ is the modified pseudo-variant defined by 𝐼4̅ = 𝐽
−2 3⁄ 𝐼4,  𝐼4 = 𝒂𝟎 ⋅ 𝑪 ⋅ 𝒂𝟎  is the squared 
stretch in the fiber direction.  
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(2) Multiple fiber-family model (orthotropic): Additional fiber families (with a principal direction 
of 𝒂0𝑖, and the same properties 𝑘1, 𝑘2, and κ) can be modeled by adding contributions from 𝐼4𝑖 =
𝒂0𝑖 ⋅ 𝑪 ⋅ 𝒂0𝑖  to the strain energy, as: 







;     ?̅?𝑖 = 𝜅𝐼1̅ + (1 − 3𝜅)𝐼4̅𝑖 − 1,   𝑓𝑜𝑟 𝐼4̅𝑖 > 1. (3.8) 
The effects of 𝑘1 and 𝑘2 on stress-strain behavior in simple shear are shown in Figure 3.2. For 
example, for simple shear  𝛾𝑌𝑍 in a plane containing fibers at an angle of 𝜋/4 (𝒂 = (𝒋 + 𝒌)/√2), 
𝑘1 describes the initial slope of the curve (Figure 3.2a), 𝑘2 describes the nonlinearity of the curve 
(Figure 3.2b).  
Fiber distributions corresponding to different values of 𝜅 are shown in Figure 3.3 and 𝜅 captures 
the distribution of the fiber orientations, ranging from alignment in a single direction (𝜅 = 0) to no 
preferred direction (𝜅 = 1/3). When 𝜅 = 0, all fibers are assumed to be perfectly aligned, and when 
𝜅 = 1/3, the material is isotropic. We note that, formally, fibers in the HGO model do not contribute 
to the stress or to the strain energy when they are in compression(𝐼4 < 1). We did not model the 
bi-linearity between fiber tension and compression for wave propagation in the HGO model in the 
undeformed case (assuming that the fibers can resist an infinitesimal compressive strain in wave 




Figure 3.2 Effects of parameters in the HGO model on the stress-strain relationship during simple shear in a plane 
containing fibers at an angle of 𝜋/4. (a)The parameter 𝑘1  affects the initial slope of the stress-strain curves for 
deformations involving g fiber stretch (𝜇0 = 1000Pa, 𝜅 = 1/12, 𝑘2 = 0.1). (b) The parameter 𝑘2  determines the 
nonlinearity of the relationships (𝜇0 = 1000Pa, 𝜅 = 1/12, 𝑘1/𝜇0 = 1) 
 
Figure 3.3 The HGO dispersion parameter κ captures the distribution of fiber orientation in 2D domain, ranging 
from alignment in no preferred direction (κ=1/3) (a), κ=1/6 (b), κ=1/12 (c) and finally to a single direction (κ =0) 
(d). 
3.3.3 Closed-form expressions for the relationships between model parameters 
and wave speeds  
3.3.3.1 Closed-form expressions for speeds of waves superimposed on simple shear   
Closed-form expressions that relate wave speeds to model parameters are highly desirable. Such 
expressions for the HGO model were determined from analytical solution of the eigenvalue 
problem (Eq. 3.1) for shear waves propagating in the negative Z direction (𝒏 = −𝒌, Figure 3.4) in 
the undeformed configuration (Figure 3.4a) and with imposed pre-deformations in simple shear 
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corresponding to the configurations of Figure 3.4b and Figure 3.4c. Symbolic solutions were 

















2 𝑀2 + 2𝛾𝑋𝑍
4 𝑘2𝑀2(𝑁2 + 4𝛾𝑋𝑍
2 𝑀2)) exp(𝑀2𝑘2𝛾𝑋𝑍







𝛾𝑌𝑍𝑀(𝛾𝑌𝑍𝑀 + 𝑁) exp((𝛾𝑌𝑍𝑀 + 𝑁)2𝑘2𝛾𝑌𝑍
2 ) (3.11) 







𝑁2 + 6𝛾𝑌𝑍𝑀𝑁 + 6𝛾𝑌𝑍
2 𝑁2 …
…+ 2𝛾𝑌𝑍
2 (2𝛾𝑌𝑍𝑀 + 𝑁)2(𝛾𝑌𝑍𝑀 + 𝑁)2
) exp((𝛾𝑌𝑍𝑀 + 𝑁)2𝑘2𝛾𝑌𝑍
2 ) (3.12) 
where (𝑐𝑠𝑋𝑍 , 𝑐𝑓𝑋𝑍) and (𝑐𝑠𝑌𝑍 , 𝑐𝑓𝑌𝑍  ) are the slow and fast shear wave speeds for pre-deformations 
𝛾𝑋𝑍  and 𝛾𝑌𝑍 respectively. The terms 𝑀 and 𝑁 are combinations of the dispersion parameter 𝜅 and 
the angle 𝜙 between the fiber and the propagation direction: 
𝑀 = 2((1 − 3𝜅) cos2 𝜙 + 𝜅);    𝑁 = (1 − 3𝜅)sin2𝜙. (3.13) 
With no imposed pre-deformation (𝛾𝑋𝑍 = 𝛾𝑌𝑍 = 0), the speeds reduce to  
𝑐𝑠 = 𝑐0 = √
𝜇
𝜌







3.3.3.2  Closed-form expressions for speeds of waves superimposed on stretching  
Expressions for the speeds of slow and fast shear waves superimposed on isochoric, static 
lengthening deformations (Figure 3.5) were also obtained. In this situation, the maximum stretch 
ratio, 𝜆1 = 𝜆 , is used to describe the imposed deformation; other stretches are 𝜆2 = 𝜆3 = 1/√𝜆. 
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where (𝑐𝑠𝑍 , 𝑐𝑓𝑍) are the slow and fast shear wave speeds for stretch 𝜆 in Z direction. Definitions 
of  𝑀 and 𝑁 are from Eq. (3.13). 𝐿 is defined in terms of 𝑀 and the stretch ratio 𝜆. 
𝐿 = (𝜆 − 1)(
𝑀
2
(𝜆2 + 𝜆 + 1) − 1) (3.17) 
With no imposed pre-deformation (𝜆 = 1), the wave speed expressions can be simplified, as above, 
to  
𝑐𝑠 = 𝑐0 = √
𝜇
𝜌







which are identical to Eq. (3.14). 
3.3.4  Computational modeling and simulations 
To verify the analytical results, finite element (FE) simulations of shear wave propagation were 
performed using finite element software (COMSOL Multiphysics v5.3, Burlington, MA). A static 
pre-deformation step (either (i) simple shear or (ii) tension) and a frequency-domain perturbation 
step were performed in a cubic domain (50× 50 × 50 mm3, Figure. 3.4 and Figure 3.5). The HGO 
model was implemented in COMSOL to model elastic behavior; an isotropic loss factor of 0.1 was 
used to provide a small amount of viscoelastic damping. We set the frequency of excitation equal 
to 200 Hz, in order to provide multiple wavelengths in the model domain. The domain was 
discretized into 5000 hexahedral elements. To demonstrate convergence, the results were 
confirmed at higher resolution. In order to compare the undeformed case to the cases with finite 
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pre-deformation, we assume the fibers can resist infinitesimal compressive loads during wave 
motion. A periodic boundary condition (PBC) was applied on the 𝑋𝑍 plane and 𝑌𝑍 plane, for fast 
and slow shear waves respectively. The PBCs eliminate boundary effects on the vertical sides of 
the cube, allowing for a closer comparison of the analytical and numerical results. The assigned 
default parameters are as follows: pre-deformation 𝛾𝑋𝑍 = 𝛾𝑌𝑍 = 0.2 ; initial isotropic shear 
modulus, 𝜇0 = 1 kPa; density 𝜌 = 1000 kg/m
3; initial anisotropy ratio, 𝑘1/𝜇0 = 2; nonlinearity 
parameter, 𝑘2 = 5; fiber dispersion parameter, 𝜅 = 1/12; and ratio of bulk modulus to initial 
shear modulus, 𝐾/𝜇0 = 10
4.  To obtain either slow or fast shear waves, a harmonic displacement 
(simple shear case) or harmonic force (lengthening/shortening cases) was imposed to the top 
surface in the corresponding polarization direction, defined by the 𝒎𝒔  or 𝒎𝒇  unit vector, 
respectively. The local frequency estimation (LFE) method [43] was applied to estimate 
wavelength (and thus wave speed) from simulated data. LFE provides an estimate of wave speed 
at each “voxel” in a discretized version of the 3D wave field. The mean values and standard 
deviations of wave speeds from all voxels in a central region of interest are used to generate the 
symbols and error bars in plots [42, 43]. The LFE parameters used in this study are 𝜌0 = 1 for the 





Figure 3.4 Geometry used in numerical simulations (50×50 ×50 mm3) of waves superimposed on simple shear. Green 
dashed arrows represent harmonic perturbations in two perpendicular directions, which correspond to fast and slow 
shear wave polarizations for shear waves propagating along the negative Z-axis (red arrows). Blue solid lines are the 
mean fiber direction, where 𝜙 = 45°. One fiber family in (a) the undeformed configuration (𝒂 = (𝒋 + 𝒌)/√2 ) and 
(b-c) pre-deformed configurations in simple shear (b) 𝛾𝑌𝑍 in the 𝑌𝑍 plane (𝒂 = ((1 + 𝛾𝑌𝑍)𝒋 + 𝒌)/√(1 + 𝛾𝑌𝑍)
2 + 1 ) 
or (c) 𝛾𝑋𝑍 in the 𝑋𝑍 plane (𝒂 = (𝛾𝑋𝑍𝒊 + 𝒋 + 𝒌)/√2 + 𝛾𝑋𝑍
2  ). 
 
Figure 3.5 Geometry used in simulations (50×50×50 mm3) of waves superimposed on lengthening. Green dashed 
arrows represent harmonic loading in two perpendicular directions, which correspond to fast and slow shear wave 
polarizations for shear waves propagating along the negative Z-axis (red arrows). Blue solid lines are the mean fiber 
direction, where 𝜙 = 45°. One fiber family in (a) the undeformed configuration (𝒂 = (𝒋 + 𝒌)/√2 ) and (b) after 
imposed stretch λ in the Z direction (𝒂 = (
1
√𝜆




3.4 Results: shear wave speeds in undeformed and deformed 
configurations 
Figure 3.6 shows the simulation results for slow and fast shear waves propagating in the negative 
Z direction in the undeformed configuration and with shear pre-deformation in the 𝑌𝑍 or 𝑋𝑍 plane. 
Shear pre-deformation in either the 𝑌𝑍 or 𝑋𝑍 plane (Figure 3.6e and Figure 3.6f) increases the 
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wavelength of the fast shear wave compared to the undeformed configuration (Figure 3.6d), 
corresponding to an increase in the fast wave speed. 
Shear wave speeds are compared in analytical predictions and simulations estimations for the three 
configurations of Figure 3.4 and 3.5, shown in Figures 3.7-10 below. In each configuration, one 
parameter was varied while holding the remaining parameters at the default parameter values given 
above. The vertical axes of the panels in the top row of each figure display 𝑐𝑓/𝑐0, the normalized 
ratio between the fast shear wave speed and the initial wave speed 𝑐0 = √𝜇0 𝜌⁄ , where 𝜇0 =
1000𝑃𝑎 is the initial isotropic shear modulus, 𝜌 is the density of material. Similarly, the vertical 
axes of the panels on the bottom row of each figure depict the ratio 𝑐𝑠/𝑐0 between the slow shear 
wave speed and the initial wave speed. Results are shown for ranges of the HGO parameters 
isotropic shear modulus 𝜇, HGO model parameters 𝑘1 𝑎𝑛𝑑 𝑘2, dispersion parameter 𝜅, and the 
imposed shear, 𝛾. In all three figures, orange solid lines depict the analytical predictions, and blue 
solid lines with error bars display corresponding wave speeds estimated from FE simulations. 
 
Figure 3.6 Harmonic displacement fields due to slow and fast wave shear waves in configurations corresponding to 
Figs. 4 and 5.  (a-d) x component of harmonic displacement showing slow shear waves propagating in the negative Z 
direction  in the undeformed configuration (a) and after simple shear pre-deformation 𝛾𝑌𝑍 = 0.2 in the 𝑌𝑍 plane (b) 
or 𝛾𝑋𝑍 = 0.2 in the 𝑋𝑍  plane (c), or λ = 1.2 in the Z direction (d). (e-h) y component of harmonic displacement 
showing fast shear waves propagating in the negative Z direction in the undeformed configuration and after simple 
shear pre-deformation in the 𝑌𝑍, 𝑋𝑍 plane, or tension deformation in the Z direction. Green arrows on the top surface 
indicate the direction of applied harmonic excitation (200 Hz) in each panel. 
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3.4.1 One family of fibers in the undeformed configuration 
Fig. 3.7 shows the relationships between shear wave speeds and the parameters in the HGO model 
in the undeformed configuration. The horizontal axis represents three normalized parameters 
( 𝜇/𝜇0, 𝑘1/𝜇0, 𝜅)  in HGO model. There is no effect of changing 𝑘2  or 𝛾  because no pre-
deformation is applied. The fast wave speed increases with increasing 𝑘1 and 𝜇 and decreases with 
increasing 𝜅. In contrast, the slow wave speed is affected only by 𝜇. 
  
Figure 3.7 Fast and slow wave speeds in relation to three parameters (𝜇/𝜇0, 𝑘1/𝜇0, 𝜅) in the HGO model when no 
pre-deformation is applied. Default parameters are: 𝜇0 = 1000 Pa, 𝜇/𝜇0 = 1,  𝑘1 𝜇0⁄ = 2, 𝜅 = 1 12⁄ . 
3.4.2 One fiber family with pre-deformation by simple shear in the 𝒀𝒁 plane 
Figure 3.8 shows the dependence of wave speed on HGO parameters when simple shear pre-
deformation is imposed in the 𝑌𝑍  plane, i.e, in the direction that induces fiber stretch.  The 
horizontal axis of each panel displays values of one of the four parameters (𝜇/𝜇0,  𝑘1/𝜇0, 𝜅, 𝑘2) in 
the HGO model or the magnitude of shear 𝛾𝑌𝑍. The slow and fast wave speeds all increase with 
increasing 𝑘1, 𝑘2, 𝜇, and 𝛾𝑌𝑍, and decrease with fiber dispersion, 𝜅. The fast wave speed is larger 




Figure 3.8 The effects on fast and slow wave speeds of the parameters (𝜇/𝜇0,  𝑘1/𝜇0, 𝜅, 𝑘2) of the HGO model. The 
parameter 𝛾𝑌𝑍 is the pre-deformation magnitude of simple shear in the 𝑌𝑍 plane, inducing fiber stretch of order 𝛾𝑌𝑍 
in fibers at 𝜙 = 𝜋/4. Default parameters are: 𝜇0 = 1000 𝑃𝑎, 𝜇/𝜇0 = 1,  𝑘1 𝜇0⁄ = 2, 𝜅 = 1 12⁄ , 𝛾𝑌𝑍 = 0.2. 
3.4.3 One fiber family with pre-deformation by simple shear in the 𝑿𝒁 plane 
The effects of the HGO parameters on shear wave speeds are illustrated in Figure 3.9 for the 
configuration in which pre-deformation is applied perpendicular to the original fiber axis. The 
vertical axis of each panel on the top row shows the (normalized) fast wave speed, and on the 
bottom row depicts slow wave speed. The horizontal axis of each panel shows the value of the 
HGO model parameter or the magnitude of shear. Wave speed is influenced by all five parameters 
𝜇/𝜇0,  𝑘1/𝜇0, 𝜅, 𝑘2 and 𝛾𝑌𝑍 . Similar to pre-deformation in the 𝑌𝑍  plane, the fast wave speed 
increases with increasing 𝜇/𝜇0,  𝑘1/𝜇0, 𝑘2, 𝛾𝑋𝑍  and decreases with increasing 𝜅. Slow wave speeds 





Figure 3.9 The effects on fast and slow wave speeds of parameters (𝜇/𝜇0,  𝑘1/𝜇0, 𝜅, 𝑘2) of the HGO model and pre-
deformation magnitude, 𝛾𝑋𝑍, when pre-deformation is simple shear in the 𝑋𝑍 plane, inducing fiber stretch of order 
(𝛾𝑋𝑍
2 ). Default parameters are: 𝜇0 = 1000 Pa, 𝜇/𝜇0 = 1,  𝑘1 𝜇0⁄ = 2, 𝜅 = 1 12⁄ , 𝑘2 = 5, 𝛾𝑋𝑍 = 0.2. 
3.4.4 One fiber family with pre-deformation consisting of imposed extension 
The effect of stretch ratio on wave speed is shown in Figure 3.10 for the case of imposed 
extension. Both fast and slow wave speed increase with stretch ratio and the simulation results 




Figure 3.10 The effects on fast and slow wave speeds of imposed extension with stretch ratio λ in the Z direction. 
Default parameters are: 
𝜇
𝜇0
= 1,  𝑘1 𝜇0⁄ = 2, 𝜅 = 1 12⁄ , 𝑘2 = 5. 
3.5 Estimation of Parameters in the HGO model 
In the previous section we demonstrated that shear wave speeds can be calculated analytically from 
parameter values of the HGO model, for specific propagation direction and polarization directions. 
We also confirmed that the analytical solutions agree with simulated wave speeds in a finite cube-
shaped domain. Conversely, the parameters of the HGO model can, in principle, be estimated from 
measured shear wave speeds, for given propagation and polarization directions, in pre-deformed 
specimens. In the following section we demonstrate the feasibility of this approach to parameter 
estimation. 
3.5.1 Estimation method 
The example system is shown in Figure 3.11. The angle 𝜙 of the fiber axis is chosen to be 𝜋/4 
radians from the base of the specimen in the undeformed configuration, as in Figure 3.4 and 3.5. 
The propagation direction 𝒏 is along negative Z-axis, and fiber direction 𝒂 is in the 𝑌𝑍 plane. 
Experiments are separated into two steps. In the first step, the fast wave speed and slow wave 
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speed are measured without pre-deformation, by applying horizontal, harmonic displacements to 
the top surface in the fast or slow polarization directions. The slow wave speed is a function of 
only the isotropic shear modulus, 𝜇, and density ρ, but the fast wave speed is a function of 𝜇, 𝑘1, 
and 𝜅 (Eq. (3.19)). In the second step, the fast wave speed and slow wave speed are measured after 
applying a pre-deformation of simple shear in the 𝑌𝑍 plane). In this configuration, both fast and 
slow wave speeds are functions of all five parameters (𝜇, 𝑘1, 𝑘2, 𝜅, and 𝛾𝑌𝑍) (Eq. (3.20)). 
𝑐𝑠0 = √𝜇/𝜌;   𝑐𝑓0 = 𝑓(𝑘1, 𝜇, 𝜅)                                                  (3.19) 
𝑐𝑠 = 𝑓(𝑘1, 𝑘2, 𝜇, 𝜅, 𝛾𝑌𝑍);   𝑐𝑓 = 𝑓(𝑘1, 𝑘2, 𝜇, 𝜅, 𝛾𝑌𝑍)                                           (3.20) 
For the analogous situation using imposed extension (stretch ratio λ), Eq. (3.20) can be written 
as: 
 𝑐𝑠 = 𝑓(𝑘1, 𝑘2, 𝜇, 𝜅, 𝜆);   𝑐𝑓 = 𝑓(𝑘1, 𝑘2, 𝜇, 𝜅, 𝜆)                                              (3.21) 
In the proposed experiment, the density 𝜌 of the material is a known value, and the simple shear 
ratio 𝛾𝑌𝑍  (or stretch ratio λ) can be controlled and measured. For a single value of the pre-
deformation, the four independent linear equations can be solved simultaneously to determine the 
four independent parameters. If more data are available, the over-determined system can be solved 
in the least-squares sense. The MATLAB optimization tool lsqnonlin for solving nonlinear least 
square problems was used to find parameters that minimized the difference between predicted and 




Figure 3.11 Idealized experimental setup for estimating parameters of the HGO model. (a) No pre-deformation. (b) 
Simple shear γYZ = 0.2 imposed in the 𝑌𝑍 plane. (c) Imposed extension with stretch ratio λ = 1.2 in Z direction. 
3.5.2 Sensitivity to noise 
Because experimental data inevitably contain noise or measurement errors, it is necessary to 
quantify the robustness of parameter estimates. For each wave speed estimate, random noise was 
applied from a normal distribution, as shown in Eq. (3.22) and Eq. (3.23). 
                                         𝑐𝑓
(𝑛𝑜𝑖𝑠𝑒)
= 𝑐𝑓(1 + 𝜓𝜏)                                                                   (3.22) 
                                      𝑐𝑠
(𝑛𝑜𝑖𝑠𝑒)
= 𝑐𝑠(1 + 𝜓𝜏)                                                                  (3.23) 
Here, 𝜏 is a random value in the standard normal distribution (mean=0, std. dev. = 1), and 𝜓 is 
defined as a noise factor to control the range of noise variance. In this chapter, the noise is defined 
on three levels. Values of 𝜓  = 0.01, 0.02 and 0.03 indicate wave speed variance ranges of 







Table 3.1 Comparison of HGO model parameter estimates for different noise levels (imposed shear). 
Noise Level 𝜇[Pa] 𝑘1[Pa] 𝜅 𝑘2 
Expected  1000 2000 0.083 5 
(𝜓=0.01) 1000 ± 11 2034 ± 367 0.083 ± 0.023 5 ± 0.0 
(𝜓=0.02) 1000 ± 23 2050 ± 739 0.077 ± 0.044 4.8 ± 0.1 
(𝜓=0.03) 1001 ± 34 2161 ± 1107 0.079 ± 0.057 4.7 ± 0.2 
 
Table 3.2 Comparison of HGO model parameter estimates for different noise levels (imposed extension) 
Noise Level 𝜇[Pa] 𝑘1[Pa] 𝜅 𝑘2 
Expected  1000 2000 0.083 5 
(𝜓=0.01) 1000 ± 11 2007 ± 390 0.081 ± 0.023 4.9 ± 0.1 
(𝜓=0.02) 1000 ± 20 2044 ± 752 0.077 ± 0.043 4.7 ± 0.3 
(𝜓=0.03) 1002 ± 32 2068 ± 1125 0.075 ± 0.050 4.5 ± 0.5 
For wave speed data without noise, the material parameters can be determined by four equations 
corresponding to two configurations, the undeformed configuration and one value of pre-
deformation. However, if wave speed data are noisy, more data are needed. In a Monte Carlo 
approach, ten additional simulated experiments with different pre-deformations were added to the 
original two simulated experiments, and these simulated experiments were repeated 1000 times 
with different random values. For various noise levels, the mean values (±std. dev.) of all four 
parameters were calculated (Table 3.1 and Table 3.2). To improve accuracy, outliers (greater than 
three standard deviations from the mean) were excluded from wave speed data. 
As expected, the standard deviation of each parameter estimate increases with noise level. The 
mean value of some parameters also deviates from the expected value as noise increases. The 
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parameters 𝑘2 and 𝜇0 are relatively insensitive to the noise level; estimates of 𝑘1 and 𝜅 deviate 
more when noise increases.  
3.6 Discussion 
In materials that can be modeled as nonlinear, anisotropic, and nearly incompressible, slow and 
fast wave speeds can be measured from MRE and used to estimate parameters of the material 
model. In the examples above, theoretical predictions of shear wave speed values in different 
configurations (undeformed configuration, simple shear in the 𝑋𝑍 plane or 𝑌𝑍 plane) agreed well 
with simulation results.  
Fast and slow shear wave speeds provide complementary information. The fast shear wave speed 
is affected by the stiffness of the fibers, while the slow shear wave speed is not. In transversely 
isotropic materials, displacements in the direction of slow shear wave polarization do not induce 
fiber stretch. In addition, in the example of this chapter, simple shear in the 𝑌𝑍 plane (which 
contains the principal fiber axis, 𝒂) directly stretches the fibers and significantly affects fast shear 
wave speeds. In contrast, simple shear in the 𝑋𝑍 plane involves displacements perpendicular to 
the fibers, and does not stretch the fibers appreciably. The measured wave speed in this condition 
deviates little from the wave speed in the no pre-deformation condition. Extension in the Z 
direction also stretches the fibers, which increases shear wave speeds. 
Using the closed-form expressions for wave speed, and data from either simulations or 
experiments, we can estimate the parameters of a nonlinear anisotropic material model. Unlike 
linear elastic materials, pre-deformation plays an important role in determining wave speeds. 
Without pre-deformation, the slow shear wave speed varies only with the isotropic shear modulus 
𝜇 of material and the fast shear wave depends on 𝜇,  𝑘1 and 𝜅. If pre-deformations that stretch the 
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fibers are imposed, the fast shear wave speed depends on all the HGO parameters, 𝜇, 𝑘1, 𝑘2, 𝜅, as 
well as the magnitude of the pre-deformation.  
The accuracy of material parameter estimates is affected by the levels of noise in the measured 
wave speed data. The isotropic shear modulus 𝜇 is the least sensitive to noise because it is directly 
derived from the slow wave speed with no pre-deformation. For the other three parameters, the 
nonlinearity 𝑘2 is less sensitive to noise than 𝑘1 and 𝜅, because 𝑘2 has fewer interactions with 
other factors in the experiment. 
Among the limitations of this chapter, in computing wave speeds we do not impose the bi-linearity 
that excludes fibers from resisting infinitesimal levels of dynamic compressive strain. In practice, 
this assumption could be avoided by imposing a minimal pre-deformation greater than the wave 
amplitude.  We have considered the original version of the HGO model, which is still widely used. 
A new version of HGO model has recently been proposed [62], which might also be analyzed by 
this approach. Parameter estimates improve, in terms of both increased accuracy and reduced 
variance, with more MRE experiments. Balancing the desired precision of the result and the cost 
of experiments must be considered carefully, as in all experimental studies.  
Only one fiber family is considered in this chapter, but it is plausible to generalize this approach 
to estimate wave speeds and material parameters in a material with multiple fiber families. Some 
special cases can be considered qualitatively. For simplicity, consider a second fiber family with 
𝜙 = −45°. For the situation in which simple shear is imposed in the YZ plane, one fiber family 
will be stretched and the other will be compressed. In the original HGO model, fibers in 
compression (𝐼4 < 1) do not contribute to the stress or to the strain energy. Therefore, wave speeds 
in a material with two fiber families would be the same as with one fiber family. For the same 
reason, if the material is compressed in the Z direction (λ < 1), wave speeds are equal to those in 
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an isotropic material because all fibers are under compression. For the idealized example of 
imposed extension, adding a second fiber family would simply double the effects of a single fiber 
family. For other configurations the addition of a second fiber family creates orthotropic material 
symmetry, instead of the transverse isotropy considered in this chapter, and would (in general) 
require further analysis.  
Experimental studies that exploit this approach to characterize fibrous soft tissues are planned for 
future work; these studies would involve superimposing small amplitude shear waves on large 
finite deformations. Instead of the idealized simple shear deformations of the current chapter, 
dense measurements of actual pre-deformations would need to be combined with regional 
measurements of shear wave speed. While challenging, this approach promises the possibility of 
comprehensive, non-invasive tissue characterization in vivo. Tissue may already be in a pre-
deformed state (like white matter in the brain) [63, 64], or quasi-static loading might be imposed 
by respiration (liver [65]), ocular pressure (eye [66]), or external force (intervertebral disc, muscle 
or breast [67, 68]).   
3.7 Conclusion 
MR elastography can be used, in principle, to estimate parameters of the HGO material model in 
soft fibrous materials from the speeds of slow and fast shear waves. To demonstrate the ability to 
obtain accurate results, closed-form expressions for the wave speeds, as functions of pre-
deformation and material parameters, were derived and confirmed by numerical simulations. 
These results illustrate the feasibility of a new approach to parameter estimation for nonlinear 




Chapter 4: Shear wave speeds in nearly-
incompressible fibrous materials with two 
fiber families2  
4.1 Overview 
An analytical and numerical investigation of shear wave behavior in nearly-incompressible, soft, 
materials with two fiber families was performed, focusing on the effects of material parameters 
and imposed pre-deformations on wave speed. This theoretical study is motivated by the emerging 
ability to image shear waves in soft biological tissues by magnetic resonance elastography (MRE). 
In MRE, the relationships between wave behavior and mechanical properties can be used to 
characterize tissue properties non-invasively. We demonstrate these principles in two material 
models, each with two fiber families. One model is a nearly-incompressible linear elastic model 
that exhibits both shear and tensile anisotropy; the other is a two-fiber-family version of the 
widely-used Holzapfel-Gasser-Ogden (HGO) model, which is nonlinear. Shear waves can be used 
to probe nonlinear material behavior using infinitesimal dynamic deformations superimposed on 
larger, quasi-static “pre-deformations.” In this study, closed-form expressions for shear wave 
speeds in the HGO model are obtained in terms of the model parameters and imposed pre-
deformations. Analytical expressions for wave speeds are confirmed by finite element simulations 
of shear waves with various polarizations and propagation directions. These studies support the 
 
2 The work described in this chapter is based on a collaboration with Philip Bayly and Ruth Okamoto to develop the 
relationship between shear wave speeds and two-fiber family material model. I developed the closed-form 
expression of shear wave speeds under undeformed configuration and deformed configuration with shear and 
compression. I obtained the compliance and stiffness matrices in two-fiber family material using model parameters 
in both classic linear elastic model and HGO anisotropic model. 
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feasibility of estimating the parameters of an HGO material model noninvasively from measured 
shear wave speeds. 
4.2 Introduction 
Magnetic resonance elastography (MRE) is an emerging technique to measure non-invasively the 
mechanical properties of soft tissue, such as muscle [69-71], liver [72, 73], and brain [11, 74]. In 
MRE, shear waves are generated by small-amplitude external vibrations; the speeds of these waves 
as they propagate through a region of tissue are determined by its mechanical properties [75-77]. 
However, MRE measurements usually involve only small strains from a single experiment, so 
mechanical properties from MRE are typically limited to linearized, isotropic models of material 
behavior. Thus, waves must be superimposed on an additional finite deformation in order to study 
material nonlinearity, and more sophisticated mathematical models are required to explain 
anisotropic and nonlinear behavior. 
Many biological soft tissues, such as blood vessels [78, 79], cardiac muscle [80, 16], and white 
matter in brain, are structurally anisotropic, composed of one or more families of fibers, each with 
a dominant direction. The Holzapfel-Gasser-Ogden (HGO) model is a material model that 
explicitly represents the contributions of fibers to the mechanical response of soft materials under 
large deformations. The HGO model is straightforward to implement and has been widely used to 
model fibrous soft tissues [46, 49]. In previous work [41], we investigated the relationships 
between shear wave speeds and material parameters in an HGO model with a single fiber family, 
which is an example of a nonlinear, transversely isotropic material. However, many biological 
materials contain two or more fiber families [15,79,81,82,83]. In this study we extend our approach 
to a relatively simple two-fiber-family linear, elastic, orthotropic material as well as to a two-fiber-
family HGO model. 
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Complex biological materials are often tested in ex vivo to determine their mechanical properties. 
However, there are many advantages to being able to characterize such materials in their intact, 
living condition.  The aim of the current chapter is to elucidate the relationships between shear 
wave speeds and parameters of nonlinear, anisotropic materials with two fiber families, in order 
ultimately to extend the ability of MRE to characterize these materials in vivo. 
4.3 Theory 
4.3.1 Shear wave speeds in elastic materials  
Speeds of plane waves in a uniform, linear elastic material are obtained from the eigenvalues of 
the acoustic tensor 𝑸 [50, 51]: 
𝜌𝑐2𝒎 = 𝑸(𝒏) ∙ 𝒎 (4.1) 
where 𝜌𝑐2 is the eigenvalue of the acoustic tensor 𝑸, 𝜌 is the density of material, 𝑐 is the wave 
speed, 𝒏 is the propagation direction of the wave, and 𝒎, the eigenvector of the acoustic tensor, is 
the polarization direction vector of the plane wave. The acoustic tensor 𝑸  corresponding to a 
specific propagation direction, 𝒏, is calculated from Eq. (4.2) [50, 51] below: 
𝑸 = 𝒏 ∙ 𝑨 ∙ 𝒏 (4.2) 
Here 𝑨 is a fourth-order elasticity tensor which describes the relationship of the incremental stress 
tensor, ?̃?, and the incremental strain tensor, ?̃?, specifically: ?̃? = 𝑨 ∙ ?̃?  In Cartesian coordinates this 
relationship can be written in indicial notation, ?̃?𝑝𝑖 = 𝐴𝑝𝑖𝑞𝑗𝜀?̃?𝑗 . For nonlinear models with 
constitutive behavior defined by the strain energy density function,𝑊(𝑭), the components of the 







where 𝑭 is the deformation gradient tensor (which accounts for the effects of pre-deformation [50, 
51]). For finite strain, 𝑨 is a function of the deformation state defined by 𝑭, therefore 𝑨 and 𝑸 can 
describe small-amplitude wave motion superimposed on a larger initial deformation, which we 
will refer to as “pre-deformation”. 
Since the acoustic tensor, 𝑸 , depends on 𝒏, the wave speeds also depend on 𝒏. In general, 
anisotropic materials there are three distinct eigenvalues (wave speeds) and three corresponding 
eigenvectors (polarization directions), which means there may be three plane waves that propagate 
in the same direction.   However, material symmetries and constraints can reduce the number of 
possible distinct wave speeds.  
In an isotropic linear elastic material with shear modulus, 𝜇 and bulk modulus, 𝛫, the acoustic 
tensor is the same for all propagation directions, and only two wave speeds exist: one longitudinal 




[52], and polarization parallel to the propagation direction (𝒎 = 𝒏); shear waves have 𝑐2 = 𝜇/𝜌 
and polarization direction 𝒎 ⊥ 𝒏. In an isotropic, incompressible linear elastic material, the bulk 
modulus and longitudinal wave speed become infinite, and only one material parameter, 𝜇, and 
one finite (shear) wave speed remains to be determined.  
In anisotropic materials, three distinct wave speeds and three corresponding polarization vectors 
are obtained from the eigenvalue problem in Eq. (4.1). In transversely isotropic and orthotropic 
materials, the three plane wave modes are typically known as “pure shear” (or “slow”), “quasi-
shear” (or “fast”), and “quasi-longitudinal” waves [84]. 
4.3.2 Orthotropic Material Models 
4.3.2.1 Linear elastic orthotropic materials 
In a linear elastic material, the generalized Hooke’s law, 
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𝜎𝑖𝑗 = 𝐴𝑖𝑗𝑘𝑙𝜖𝑘𝑙  , (4.4) 
describes the relationship between the infinitesimal strain tensor 𝜖𝑘𝑙 and the stress tensor 𝜎𝑖𝑗. A 
general fourth-order tensor has 81 components, but in the elasticity tensor this number is reduced 
to 21 by general symmetry constraints. 
Using Voigt notation [84], a 6 × 6 symmetric compliance matrix, 𝑺, and corresponding stiffness 
matrix, 𝑪 = 𝑺−𝟏, compactly capture the stress-strain relationships in the elasticity tensor. For an 
orthotropic material, these matrices can be written in terms of nine constants (three Young’s 






































































































































If the material is incompressible, there are three additional constraints relating the components of 
the elasticity tensor, and the compliance and stiffness matrices. In this case, the Poisson’s ratios 













)   (𝑘 ≠ 𝑖 ≠ 𝑗, 𝑖, 𝑗 = 1,2,3) (4.5)  




4.3.2.2 Model 1: Linear elastic, nearly-incompressible, orthotropic material model 
We can illustrate wave behavior in fiber-reinforced materials using a linear, elastic, orthotropic 
material model derived from a strain energy density function, 𝑊 = 𝑊𝑖𝑠𝑜 + 𝑊𝑎𝑛𝑖𝑠𝑜 + 𝑊𝑣𝑜𝑙 . The 
volumetric component of the strain energy function can be described in terms of bulk modulus, K, 




(𝐽 − 1)2. (4.6) 




(𝐼1̅ − 3), (4.7)  






∗ + 𝜁𝐵(𝐼6̅ − 1)
2 + 𝜂𝐵𝐼7̅
∗ + 𝜁𝐴𝐵(𝐼4̅ − 1)(𝐼6̅ − 1)] (4.8) 
Here 𝐼1̅ is the modified first invariant defined by 𝐼1̅ = 𝐽
−2 3⁄ 𝐼1, (𝐽 = det 𝑭), where 𝐼1 is the first 
invariant (trace) of the Cauchy-Green strain tensor 𝑪. The modified pseudo-invariants are 𝐼4̅ =





∗ = 𝐼5 − 𝐼4
2,  and𝐼5 = 𝒂𝑨 ∙ 𝑪
2𝒂𝑨;  𝐼6̅ = 𝐽
−2 3⁄ 𝐼6, 




∗ , where 𝐼7
∗ = 𝐼7 − 𝐼6
2,  and  𝐼7 = 𝒂𝑩 ∙ 𝑪
𝟐𝒂𝑩  (𝒂𝑨  and 𝒂𝑩  are 
the initial fiber directions). The pseudo-invariants 𝐼4 and 𝐼6 (invariant under rotations about 𝒂𝑨 
and 𝒂𝑩 respectively) are the squared stretch ratios in the corresponding fiber directions, and 𝐼5
∗ and 
𝐼7
∗ represent the squared shear strains in planes parallel to those directions. 
The linear, orthotropic material model was derived by using Eq. (4.3) with 𝑭 = 𝑰, to obtain the 
elasticity tensor in terms of the parameters 𝜇, 𝜁𝐴, 𝜁𝐵 , 𝜁𝐴𝐵 ,  𝜂𝐴 ,  and 𝜂𝐵 . In this model, the 
parameters 𝜁𝐴 and 𝜁𝐵 describe additional strain energy due to tensile stiffness contributed by the 
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two fiber families, and 𝜁𝐴𝐵 quantifies additional strain energy due to interactions between the fiber 
families. The parameters 𝜂𝐴 and 𝜂𝐵 describe additional strain energy due to shear in the planes 
containing the fibers. Thus, non-zero 𝜁𝐴, 𝜁𝐵 , 𝜁𝐴𝐵 , model tensile anisotropy, and non-zero 𝜂𝐴, and 
𝜂𝐵  model shear anisotropy. If these parameters all were to vanish, the material model would 
become isotropic. 
4.3.2.3  Model 2: Nonlinear model: the two-fiber-family HGO model 
The HGO model, which is widely used in soft biological tissues, is described in detail in reference 
[54]. The HGO model represents a hyperelastic material reinforced by families of fibers, each with 
a dominant direction and distribution parameter. For multiple fiber-family models, each additional 
fiber family can be modeled by adding contributions from 𝐼4𝑖 = 𝒂0𝑖 ⋅ 𝑪 ⋅ 𝒂0𝑖 to the strain energy, 
as follows:       
𝑊 = 𝑊𝑖𝑠𝑜 + 𝑊𝑎𝑛𝑖𝑠𝑜 + 𝑊𝑣𝑜𝑙 ,                 where  𝑊𝑣𝑜𝑙 =
𝐾
2
(𝐽 − 1)2,                𝑊𝑖𝑠𝑜 =
𝜇
2
(𝐼1̅ − 3) 







;     ?̅?𝑖 = 𝜅𝐼1̅ + (1 − 3𝜅)𝐼4̅𝑖 − 1,   𝑓𝑜𝑟 𝐼4̅𝑖 > 1. (4.9) 
where 𝑘1 and 𝑘2 respectively describes the initial slope and the nonlinearity of strain-stress curve, 
𝜅 is the fiber angle dispersion parameter, varying from 𝜅 = 0 (all fibers within a fiber family 
perfectly aligned in a single orientation) to 𝜅 = 1/3 (no preferred orientation). 
The linear orthotropic model is a minimal, linear elastic model that can describe materials in which 
fibers contribute both shear and tensile anisotropy in the reference configuration, but which is not 
designed to describe behavior under large deformations. In contrast, in the HGO material model, 
fiber reinforcement does not affect slow shear wave behavior in the undeformed configuration. 
However, the HGO model is well suited for describing behavior under large deformations. As a 
result, it is one of the most widely used models of fibrous soft tissues. We wish to study both 
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models, because both small and large deformations are important in biomechanics, and can 
possibly be interrogated by shear waves. 
4.3.2.4  Computational domain and boundary conditions 
We consider the case in which the two fiber families are mechanically equivalent. In this case for 
the linear elastic model, there are only four “intrinsic” material parameters (properties of the matrix 
and fibers: 𝜇, 𝜁𝐴 = 𝜁𝐵 = 𝜁0,  𝜁𝐴𝐵 = 𝜁1,  𝜂𝐴 = 𝜂𝐵 = 𝜂0 ) . For the HGO model with two 
mechanically equivalent fiber families, the number of intrinsic parameters is also four: 𝜇, 𝑘1, 𝑘2, 𝜅. 
In both models, a fifth independent parameter which affects the mechanical response is the fiber 
angle, 𝜙0, defined in this chapter to be the angle between each fiber direction and their bisecting 
axis (half the angle between fiber axes).  
Finite element simulations were performed using COMSOL Multiphysics (v 5.4, COMSOL Inc., 
Burlington, MA) for both the linear elastic and HGO models, to confirm analytical predictions and 
illustrate the effects of material parameters and pre-deformation on shear wave behavior. The 
geometry of the computational domain is a cube (50×50×50 mm3) depicted in Figure 4.1. The 
default parameters for the linear elastic model, unless otherwise noted, are as follows: initial 
isotropic shear modulus, 𝜇0 = 1  kPa; tensile anisotropy 𝜁0 = 2;  shear anisotropy 𝜂0 = 2 ; 
interaction factor 𝜁1 = 0; The default parameters for the HGO model, unless otherwise noted, are 
as follows: pre-deformation 𝛾𝑋𝑍 = 0.2 ; initial isotropic shear modulus, 𝜇0 = 1  kPa; initial 
anisotropy ratio, 𝑘1/𝜇0 = 2 ; nonlinearity parameter, 𝑘2 = 5 ; fiber dispersion parameter, 𝜅 =
1/12; and ratio of bulk modulus to initial shear modulus, 𝐾/𝜇0 = 10
4 (the effect of assumed bulk 
modulus on shear wave speeds for 104 <
𝐾
𝜇0
< 106 was investigated in a subset of simulations and 
found to be negligible). The density 𝜌 = 1000 kg/m3 in both cases. Default parameters for both 
models are summarized in Table 4.1. 
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Table 4.1 Default parameters of linear elastic model and HGO model in numerical simulation. 
Linear elastic model HGO model 
𝜇0(𝑘𝑃𝑎) 1 𝜇0(𝑘𝑃𝑎) 1 
𝜁0 2 𝑘1/𝜇0 2 
𝜂0 2 𝑘2 5 






The HGO model is implemented in COMSOL by defining a hyperelastic material model with 
properties specified by a user-defined strain energy density function. The isochoric and volumetric 
components of the strain energy density function in Eq. (4.9) are entered separately. 
Local frequency estimation (LFE) [43] was used to estimate wavelength in simulated displacement 
fields. LFE, which is based on the successive application of a bank of spatial filters, provides an 
estimated wave speed within each “voxel” in a central region of interest. The mean value and 
standard deviation of voxel-wise estimates are reported for each simulation [42, 43]. In this study, 
the LFE parameters were 𝜌0 = 1/𝐿 (L=50 mm) for the central spatial frequency of the first filter 




Figure 4.1 Geometry of computational domain. Green dashed lines represent harmonic excitation in two perpendicular 
directions (𝑋- and 𝑌-) on the top surface. Red arrows show the propagation direction parallel to the Z-axis. Blue and 
orange solid lines show dominant directions of two fiber families, where the fiber angle 𝜙0 = π/4 in this example. (a) 
Undeformed geometry. (b) Simple shear in the 𝑋𝑍-plane. (c) Compression in the 𝑋-direction, which also causes 
stretch in the 𝑌- and 𝑍- directions. 
4.4 Results: shear wave speeds in linear elastic and HGO 
two-fiber models 
4.4.1 Model 1: Incompressible, orthotropic, linear elastic material model  
4.4.1.1 Compliance matrix in terms of model parameters 
The compliance matrix, 𝑺, can be expressed compactly as a “normal compliance” matrix (𝑹) and 



























































where 𝐴 = 1 + 2𝜂0 𝑠𝑖𝑛
2 2𝜙0 + (2𝜁0 + 𝜁1) 𝑐𝑜𝑠
2 2𝜙0,  𝐵 =
1
3
(2𝜁0 + 𝜁1)𝑐𝑜𝑠2𝜙0(1 + 2 cos
2 2𝜙0), 
and 𝐶 = 3 + 2𝜁0 + 𝜁1, where 𝑍 = 𝐴𝐶 − 𝐵
2.  
Elements of the compliance matrix are compared to the classical elastic parameters (Young’s 
moduli, shear moduli, and Poisson’s ratios) in Table 4.2. 
Table 4.2 Comparison of classical elastic parameters to elements of compliance matrix in orthotropic, linear elastic 
model. 























𝐴 − 2𝐵 + 𝐶
 𝜈23 
−(𝐴 − 𝐶)
𝐴 + 2𝐵 + 𝐶
 𝜈32 
−(𝐴 − 𝐶)
𝐴 − 2𝐵 + 𝐶
 
Parameter Element of compliance matrix 
𝐺23 𝜇(1 + 2𝜂0 cos
2 2𝜙0 + (2𝜁0 − 𝜁1) sin
2 2𝜙0) 
𝐺31 𝜇(1 + 2𝜂0 cos
2 𝜙0) 
𝐺12 𝜇(1 + 2𝜂0 sin
2 𝜙0) 
  
For the special case where 𝜙0 = 0 (two fiber families are parallel, Figure 4.2a), the compliance 












1 + 2𝜁0 + 𝜁1
𝜇[3 + 4(2𝜁0 + 𝜁1)]
−(1 + 4𝜁0 + 2𝜁1)
2𝜇[3 + 4(2𝜁0 + 𝜁1)]
−1
2𝜇[3 + 4(2𝜁0 + 𝜁1)]
     
−(1 + 4𝜁0 + 2𝜁1)
2𝜇[3 + 4(2𝜁0 + 𝜁1)]
1 + 2𝜁0 + 𝜁1
𝜇[3 + 4(2𝜁0 + 𝜁1)]
−1
2𝜇[3 + 4(2𝜁0 + 𝜁1)]
     
−1
2𝜇[3 + 4(2𝜁0 + 𝜁1)]
−1
2𝜇[3 + 4(2𝜁0 + 𝜁1)]
1

























In this special case, there is no effect of tensile anisotropy in the shear compliance matrix (𝑻), and 
no effect of shear anisotropy in the normal compliance matrix (𝑹). 
When 𝜙0 = 𝜋/4 (when the two fibers are perpendicular, Figure 4.2b), the compliance matrix 











𝜇(1 + 2𝜂0)(3 + 2𝜁0 + 𝜁1) 
−(1 + 2𝜂0)
2𝜇(1 + 2𝜂0)(3 + 2𝜁0 + 𝜁1) 
−(1 + 2𝜂0)
2𝜇(1 + 2𝜂0)(3 + 2𝜁0 + 𝜁1) 
     
−(1 + 2𝜂0)
2𝜇(1 + 2𝜂0)(3 + 2𝜁0 + 𝜁1) 
4 + 2𝜂0 + 2𝜁0 + 𝜁1
4𝜇(1 + 2𝜂0)(3 + 2𝜁0 + 𝜁1) 
2𝜂0 − 2 − 2𝜁0 − 𝜁1
4𝜇(1 + 2𝜂0)(3 + 2𝜁0 + 𝜁1) 
     
−(1 + 2𝜂0)
2𝜇(1 + 2𝜂0)(3 + 2𝜁0 + 𝜁1) 
2𝜂0 − 2 − 2𝜁0 − 𝜁1
4𝜇(1 + 2𝜂0)(3 + 2𝜁0 + 𝜁1) 
4 + 2𝜂0 + 2𝜁0 + 𝜁1




























Figure 4.2 Two special (transversely isotropic) cases of the linear, orthotropic model defined by fiber axes (𝒂𝑨, 𝒂𝑩): 
(a) Fiber axes are parallel (𝜙0 = 0°); (b) Fiber axes are perpendicular (𝜙0 = π/4). 
4.4.1.2 Shear wave behavior in the incompressible, linear elastic orthotropic model 
In the incompressible limit (as 𝐾 → ∞) the longitudinal wave speed becomes infinite, and two 
shear wave modes can be separated into “slow” (pure shear) and “fast” (quasi-shear) shear waves 
with perpendicular polarization directions. The slow and fast polarization directions can be 
calculated from the propagation direction 𝒏 and the “symmetry axis”, 𝒂, which is normal to the 
plane spanned by the two fiber directions. For propagation in the 𝑍-direction (𝒏 = ±𝒌) , the 
acoustic tensor 𝑸 below is expressed in terms of model parameters in this situation (two fibers 
aligned on 𝑌𝑍-plane):  
𝑸 = [
𝜇[1 + 2𝜂0 cos
2 𝜙0] 0 0
0 𝜇[1 + 2𝜂0 cos




where 𝜙0 is the angle between two fibers and 𝑍-axis. In the absence of boundary effects, harmonic 
excitation in the slow polarization direction 𝒎𝒔 generates only slow shear waves, and excitation 
in the fast polarization direction 𝒎𝒇 only generates fast shear waves. Figure 4.3 illustrates the slow 
and fast polarization directions in an orthotropic material.   
In the undeformed configuration, the slow shear wave speed increases with 𝜇 and 𝜂0 but is not 
affected by 𝜁0. In contrast, the fast shear wave speed increases with 𝜇 and 𝜁0, but is not sensitive 
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to 𝜂0. For the specific case in which the shear waves propagate in the 𝑍-direction, relatively simple 










)√1 + 2𝜂0 𝑐𝑜𝑠2 2𝜙0 + (2𝜁0 − 𝜁1) 𝑠𝑖𝑛2 2𝜙0 (4.15) 
 
 
Figure 4.3 Wave propagation with two polarization directions in the two-fiber-family, linear elastic, orthotropic 
material. 𝒂𝑨 and 𝒂𝑩 are the fiber axes. (a) A pure shear (“slow”) wave is induced by harmonic shear displacement in 
the slow polarization direction, 𝒎𝒔. (b) A quasi-shear (“fast”) wave arises from harmonic shear displacement in the 
fast polarization direction, 𝒎𝒇. 
These analytical predictions are illustrated in Figure 4.4 along with corresponding estimates from 
FE simulation. For other propagation directions, more complicated expressions can be calculated 
from the general relationships between the acoustic tensor, its eigenvalues (wave speeds), and the 
mechanical parameters of the undeformed baseline model. We emphasize that these results apply 
to material that is incompressible or nearly-incompressible. In Figure 4.4h, the fast shear wave 
speed is independent of the fiber angle because this particular example depicts the special case in 
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which shear anisotropy and tensile anisotropy parameters are equal (𝜂0 = 𝜁0). In Figure 4.5, the 
general effects of shear and tensile anisotropy are illustrated using two different combinations of 
𝜂0, 𝜁0. 
 
Figure 4.4 Relationships between pure shear (“slow”) and quasi-shear (“ fast”) shear wave speeds and parameters 
(𝜇, 𝜂0, 𝜁0,, 𝜙0) of the linear elastic, orthotropic material model. (a-d) Relationships between “slow” shear wave speeds 
and model parameters (𝜇, 𝜂0, 𝜁0,,𝜙0). (e-h) Relationships between “fast” shear wave speeds and model parameters. 
Blue bars denote mean ± standard deviations of voxelwise estimates of wave speed from LFE of simulation; orange 
curves show analytical results. Default parameters are 𝜇0 = 1000 Pa, 
𝜇
𝜇0





Figure 4.5 Relationships between slow and fast shear wave speeds and fiber angle 𝜙0 in the linear elastic orthotropic 
model for combinations of unequal anisotropy parameters. (a, c) Slow and fast shear wave speeds vs fiber angle for 
tensile anisotropy greater than shear anisotropy (𝜂0 = 1, 𝜁0 = 2) (b, d) Slow and fast shear wave speeds and fiber 
angle for shear anisotropy greater than tensile anisotropy (𝜂0 = 2, 𝜁0 = 1) . Blue bars denote mean ±  standard 
deviations of voxelwise estimates of wave speed from LFE of simulation; orange curves show analytical results. 




4.4.2 Model 2: comparison between simulation and theory in the HGO model 
4.4.2.1 Elements of the linearized compliance matrix in terms of HGO model parameters 
The HGO model can also be linearized about the reference configuration to obtain elements of an 
orthotropic stiffness matrix expressed as functions of HGO model parameters (Table 4.3). In this 
linearization, the fibers are assumed to resist an infinitesimal amount of axial compression (as 
though they are under an infinitesimal amount of pre-stretch). In the original HGO model, fibers 





Table 4.3 Comparison of classical elastic parameters to elements of compliance matrix in the HGO model 























𝐴 − 2𝐵 + 𝐶
 𝜈23 
−(𝐴 − 𝐶)
𝐴 + 2𝐵 + 𝐶
 𝜈32 
−(𝐴 − 𝐶)
𝐴 − 2𝐵 + 𝐶
 
Parameter Element of compliance matrix 








where 𝐴 = 1 + 2(1 − 3𝜅)2
𝑘1
𝜇






𝑐𝑜𝑠2𝜙0(1 + 2 cos
2 2𝜙0) 
𝐶 = 3 + 2(1 − 3𝜅)2
𝑘1
𝜇
, and 𝑍 = 𝐴𝐶 − 𝐵2.  
4.4.2.2 Shear wave behavior in the HGO model – reference configuration 
 As in the undeformed model, for waves propagating in the 𝑍 -direction, the closed-form 
expressions for fast and slow shear wave speed in the linearized HGO model (under no pre-










)√1 + 2(1 − 3𝜅)2
𝑘1
𝜇
𝑠𝑖𝑛2 2𝜙0 . (4.17) 
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Analytical expressions and simulations were used to illustrate the effects of the HGO parameters 
(Figure 4.6). In the undeformed case, slow shear wave speeds only varied with the initial shear 
modulus 𝜇, fast shear wave speeds increased with 𝜇 and 𝑘1, but decreased with 𝜅. Estimates of 
wave speeds in simulations agree well with the analytical predictions. In the HGO model, fast 
shear wave speeds exhibit a marked sinusoidal relationship with fiber angle (Figure 4.6h), but slow 
shear wave speeds are insensitive to fiber orientation (Figure 4.6d). This insensitivity is because 
in the HGO model in the reference configuration fibers add stiffness in tension but not in shear.  
 
Figure 4.6 Relationships between slow and fast shear wave speeds and parameters (𝜇, 𝑘1, 𝜅, 𝜙0 ) of the HGO model 
in its undeformed configuration (𝜆 = 1). (a-d) Relationships between “slow” shear wave speeds and parameters 
(𝜇, 𝑘1, 𝜅, 𝜙0) of the HGO model (e-h) Relationships between “fast” shear wave speeds and model parameters. Blue 
bars denote mean ± standard deviations of voxelwise estimates of wave speed from LFE of simulation; orange curves 
show analytical results. Default parameters: 𝜇0 = 1000 Pa, 
𝜇
𝜇0
= 1,  𝑘1 𝜇0⁄ = 2, 𝜅 = 1 12⁄ , 𝑘2 = 5, 𝛾𝑋𝑍 = 0. 
4.4.2.3 Shear wave behavior in the HGO model – deformed configuration 
Simulated displacement fields due to slow and fast shear waves after different pre-deformations 
are applied are shown in Figure 4.7. Fibers are aligned with the 𝑌𝑍-plane. The entire domain is 
deformed by compression in 𝑋-direction and simple shear in 𝑋𝑍-plane, leading to changes in the 




Figure 4.7 HGO model. Displacement fields due to slow and fast shear waves superimposed on two types of pre-
deformation. Black dashed lines represent harmonic excitation in the specified direction on the top surface, 𝑎𝐴 and 𝑎𝐵  
are fiber axes. (a, c) Fast and slow small-amplitude shear waves superimposed on finite compression in the 𝑋-direction 
(1 − 𝜆 = 0.2). (b, d) Fast and slow small-amplitude shear waves superimposed on finite pure shear deformation in 
𝑋𝑍-plane (𝛾𝑋𝑍 = 0.2). 
The effects of imposed compression in the 𝑋-direction, (stretch ratio 𝜆), imposed shear in the 𝑋𝑍-
plane (shear 𝛾𝑋𝑍), and fiber angle, 𝜙0, on shear wave speeds in the HGO model are quantified in 
Figure 4.8. In the deformed configurations, both slow and fast shear wave speeds increase with 




Figure 4.8 HGO model. (a, c) Relationships between slow/fast shear wave speeds and compressive stretch ratio 𝜆, for 
waves superimposed on finite compression in the 𝑋-direction (and accompanying stretch in 𝑌- and 𝑍-directions). (b, 
d) Relationships between slow and fast shear wave speeds and shear deformation, 𝛾𝑋𝑍 , for waves superimposed on 
finite shear in the 𝑋𝑍-plane. Blue bars denote mean ± standard deviations of voxelwise wave speed estimates from 
LFE of simulation; orange curves show analytical results. Default parameters: 𝜇0 = 1000 Pa, 
𝜇
𝜇0
= 1,  𝑘1 𝜇0⁄ = 2,
𝜅 = 1 12⁄ , 𝑘2 = 5, 𝜆 = 1, 𝛾𝑋𝑍 = 0, and 𝜙0 = 𝜋/4. 
4.5 Discussion 
Shear wave behavior was investigated analytically and numerically in two models of fibrous, soft 
materials: an orthotropic, linear elastic model, and the HGO two-fiber-family model. Analytical 
predictions of the effects of mechanical parameters on shear wave speeds were confirmed by 
simulation. Analytical and numerical predictions of shear wave speeds after pre-deformations 
(pure shear, compression), also agree well and illustrate the effects of nonlinearity on wave 
behavior. 
In each model, the strain-stress relationship can be captured by four intrinsic material parameters 
(properties of the matrix and fiber components), along with the corresponding fiber orientation 𝜙0. 
For materials with the same matrix and fiber properties, the wave propagation direction relative to 
fiber orientation is important in determining wave speed. For example, in the special cases 
considered in this chapter, propagation is in the 𝑍-direction and fibers are in the 𝑌𝑍-plane. In the 
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linear elastic model, as the fiber angle 𝜙0 (which is also the angle between propagation direction 
and fiber direction) increases from 0 to 90 degrees, the slow shear wave speed decreases 
monotonically (Figure 4.4-5). In the linear elastic model, the effect on fast shear wave speed of 
the fiber angle varies according to the relative magnitude of shear and tensile anisotropy (Figure 
4.4-5). In the HGO model, in the undeformed configuration slow shear waves are not affected by 
the fiber angle, but fast shear wave speeds exhibit a nearly sinusoidal variation with fiber angle 
(Figure 4.6), maximal at 𝜙0 = 𝜋/4.  
In the HGO model, which is explicitly nonlinear, finite pre-deformation (such as imposed shear 
deformation or compression) also affects wave speeds (Figure. 4.7-8). There are two points which 
distinguish the linear elastic model and the nonlinear HGO model: (1) The HGO model does not 
capture the effect of fibers on slow shear wave speed in the reference configuration (the linear 
orthotropic model is better suited for that purpose); (2) the HGO model does capture the behavior 
of waves superimposed on large deformations in which effect of fiber stretch is important. The 
examples in Figure 4.7-8 demonstrate the effects of finite deformations on wave speed. 
Model parameters of both the linear elastic model and the HGO model in the reference 
configuration were related to the parameters of the classical, linear, elastic, orthotropic model 
(Young’s moduli and Poisson’s ratios). In its undeformed, reference configuration, the HGO 
model describes an orthotropic material.  We note that in the reference configuration the HGO 
model does not exhibit shear anisotropy, which may be important in some fibrous tissues such as 
muscle [85, 86]. Once it is deformed, the linearized HGO material model is no longer guaranteed 




The inverse problem (estimation of parameters from shear wave behavior, as in MRE) remains a 
focus of future research. Compared to estimating a single shear modulus in traditional (isotropic) 
MRE, adding additional parameters will inevitably increase the difficulty of the estimation 
problem. Most importantly, measurements of waves with different polarization and propagation 
directions will be necessary to estimate multiple material parameters. The use of different 
excitation techniques, such as focused ultrasound can enrich the set of shear wave data available 
for parameter estimation [86].  
4.6 Conclusion 
Analytical solutions were obtained for shear wave speeds in models of soft, incompressible 
materials with two families of reinforcing fibers, and validated by comparison to numerical 
simulation. These analytical solutions relate shear wave speeds to the mechanical properties of the 
materials, and clarify the influence of pre-deformation (compression, shear) and fiber orientation. 
Improved understanding of shear wave behavior in soft, anisotropic materials will advance the 




Chapter 5: Artificial neural network 
estimation for mechanical properties of 
transversely isotropic material3 
5.1   Overview 
In this chapter, artificial neural networks (ANNs), established tools in machine learning, are 
applied to the parameter estimation problem of MR elastography in a transversely isotropic (TI) 
material model. We use ANNs to estimate parameters from experimental measurements of 
ultrasound-induced shear waves, after training on analogous data from simulations of a computer 
model with similar loading, geometry and boundary conditions. Strain ratios, shear wave speeds, 
and fiber direction are used as input features of neural network training to estimate the parameters 
of TI material (baseline shear modulus 𝜇, shear anisotropy 𝜙, and tensile anisotropy 𝜁). Ensembles 
of neural networks are applied to obtain distributions of parameter estimates. The robustness of 
this approach to various assumptions and choices in the estimation process is verified by varying 
modeling parameters (e.g., assumed loss factor) and fitting parameters (e.g., radius of region of 
interest). 
5.2 Motivation and Background 
In the last decade, neural networks have received a great deal of attention for understanding large 
data sets like those obtained from 3D imaging. Much of the excitement is due to the apparent 
 
3 The work described in this chapter is based on collaboration with Philip Bayly and Charlotte Guertler. Charlotte 
Guertler set up the experiment and prepared the gel and muscle material for testing. I used the simulated results for 
training artificial neural network (ANN) and estimated the model parameters from the experimental data. I estimated 
the parameters under different conditions and figured out how those conditions influenced the estimated results. 
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ability of neural networks to make decisions and draw conclusions when presented with complex, 
noisy, irrelevant, and/or partial information [87]. 
Recently researchers are beginning to apply artificial neural network-based regression to estimate 
mechanical properties of materials [88-91]. In this study, we explore the use of neural networks 
trained with simulation results to estimate model parameters from experimental data. The material 
of interest is muscle tissue (chicken breast), which is a soft fibrous tissue believed to exhibit 
anisotropy in both shear (parameterized by 𝜙) and tension (parameterized by 𝜁).  
The proposed neural-network-based approach leverages unique data acquired by MR elastography 
of harmonic, ultrasound-induced motion (MR-HUM). These data, consisting of full 3D 
displacement fields from shear waves excited by the acoustic radiation force of focused ultrasound, 
provide a stereotypical pattern of radially-propagating, ellipsoidal wave fronts, localized near the 
ultrasound focus. This behavior is readily simulated in a finite element model of shear wave 
behavior in a transversely isotropic material with a local body force. Simulations produce 
displacement fields that are strikingly similar to experiment, with distinct features that capture the 
stiffness and anisotropy of the material. These features, common to simulation and experiment, 
are used as inputs to the neural network fitting process. 
5.3 Methods  
5.3.1 Experimental setup 
The experimental setup is shown in Figure 5.2. The chicken muscle tissue sample is embedded in 
a gelatin/glycerol gel in a 50mL conical tube (diameter 27mm). The sample is refrigerated until 
testing. Before testing, the sample is removed from the tube and inserted into a modified 50mL 
tube with a cutout on the top surface to facilitate ultrasound penetration into the sample. The tube 
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is then placed in a 30mm diameter RF coil for scanning. The ultrasound transducer IGT (Image 
Guided Therapy, Pessac, France) is placed above the tube, with a water-filled bladder between the 
transducer and the sample. The focus is electronically set as 2mm below the geometrical center of 
the cylindrical tissue sample. For this experiment, each tissue sample underwent MR-HUM scans 
with actuation at angles approximately 0-45° to the fiber direction. A total of ten samples of 
chicken were actuated at 400 Hz and 500Hz at ~1.5 W peak power from the ultrasound transducer. 
Shear waves were excited at 300 Hz (gelatin), and 400 Hz or 500 Hz (chicken) using magnetic 
resonance imaging of ultrasound-induced motion (MR-HUM). The tissue was harmonically 
oscillated by acoustic radiation force of the focused ultrasound beam. The ultrasound transducer 
produced a signal at 1500 kHz. This signal was modulated by the lower frequency square wave to 
generate amplitude modulated focused ultrasound, which produced shear waves at the frequency 
of the modulation signal as Figure 5.1 shows. 
 
Figure 5.1 Amplitude modulation of focused ultrasound at 400 Hz. High frequency (MHz) ultrasound is modulated 
by low frequency (400 Hz) to produce amplitude modulation, resulting in shear waves at the low frequency. 
Reproduced from [84]. 
Gelatin: MRE data were acquired with a modified 2D multi-slice spin-echo sequence [93] with 1 
mm isotropic voxels, TR = 1000 ms, and TE = 36 ms covering a volume of 32 x 32 x 27 mm3. 
Sinusoidal motion encoding gradients (1-3 cycles) of amplitude 20 G/cm were synchronized with 
motion to induce phase contrast proportional to displacement. 
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Chicken: MRE data were acquired with a modified 2D multi-slice spin-echo sequence [93] with 1 
mm isotropic voxels, TR = 1000 ms, and TE = 33-34 ms covering a volume of 32 x 32 x 12 mm3 
or 24 x 24 x 12 mm3. Sinusoidal motion encoding gradients (1-3 cycles) of amplitude 20 G/cm 
were synchronized with motion to induce phase contrast proportional to displacement. 
MRE data were phase-unwrapped and rigid body motion effects were removed. During analysis, 
imaging data was masked at 10 mm radius from the center of actuation due to dissipation of the 
MR-HUM shear waves outside the focal region. 
Diffusion tensor imaging (DTI) [93] was performed for all chicken samples at all orientations 
tested. Diffusion tensors were estimated using 30 diffusion-weighted directions and 2 averages. 
The scan used 2 mm isotropic voxel resolution over an imaging volume of 48 x 48 x 15 mm3. Fiber 
direction 𝒂 was estimated from the first principal eigenvector [86]. 
 
 
Figure 5.2 Experimental setup for MR-HUM of muscle tissue (chicken breast). (a) Cylindrical punched tissue sample. 
(b) Tissue sample embedded in the gelatin/glycerol mixture. (c) Tissue sample in a tube with cutout on the top surface 
to allow for ultrasound penetration. (d) The ultrasound transducer (US) is placed above the tissue sample. (e-f) 
Schematic of MR-HUM experimental setup in 𝑌𝑍 and 𝑍𝑋 orientations. Reproduced from [86]. 
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5.3.2 Simulation setup 
A finite element model (Figure 5.3) was constructed to simulate the shear wave behavior observed 
in the experiment. Modeling and simulation were performed using COMSOL Multiphysics 
(COMSOL, Inc., v.5.6, Burlington, MA). The model domain is a cylinder with 27 mm diameter 
and 30 mm long. The excitation point is 6mm above the exact center of the cylinder for wave 
generation. The material model is transversely isotropic, linear elastic with isotropic damping and 
the fiber direction is in the 𝑋𝑍-plane, deviation angle between fiber direction and 𝑋-axis is 𝜃. 
To simulate the acoustic radiation force, a harmonically-varying body force was applied to a small 
(R=1 mm) spherical volume at a location analogous to the experiment: slightly above the 
geometric center of the cylinder. The cylindrical domain was modified to include the shape of an 
indentation where the water-filled reservoir used to couple the ultrasound transducer to the sample. 
The model was discretized spatially using quadratic Lagrange elements and solved using the 




Figure 5.3 The vertical (𝑤) displacement field from numerical simulation of focused ultrasound-induced waves 
(simulation of the MR-HUM experiment) in the muscle tissue sample. The ultrasound focus is above the geometric 
center of the cylindrical sample. The angle 𝜃 is the angle between the fiber direction 𝒂 and the XY plane. 
The region of the simulation corresponding to the imaged volume from the MRE experiment is 
the rectangular block with red lines. The rectangular region of interest is 24 × 24 × 12 mm in 
three dimensions (𝑋, 𝑌 and 𝑍) and is divided into 1𝑚𝑚3 voxels. the excitation point is on the 
center of top surface of this outlined region. 
 
Figure 5.4 Schematic diagram of simulation showing the region corresponding to the MRI experiment imaged volume 
in red block. The prismatic imaged volume is 24 × 24 × 12mm (𝑋, 𝑌 and 𝑍) and the indentation (from the transducer 
reservoir) at the top of the sample is 3mm deep. (a) Cross section in YZ-plane. (b) Cross section in XZ plane. 
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5.3.2.1 Local frequency estimation (LFE) method 
Shear wave speeds are calculated for each voxel in the imaged region. Local frequency estimation 
(LFE) [43] is used to identify the wavelength of shear waves from the (dominant) 𝑤 component 
of the displacement field; the wavelength is multiplied by frequency to obtain the shear wave speed 
in m/s. Example wave fields and corresponding maps of wave speed estimates are illustrated 





;  |𝒖| = √𝑢2 + 𝑣2 + 𝑤2 (5.1) 
In the second panel (Figure 5.5b-8b), maps of shear wave speed are illustrated in the slices of 
ROI from top to bottom surface. Shear wave speeds calculated from LFE are different in each 
voxel (due to voxel-wise differences in polarization and propagation directions relative to fiber 
direction) and distributed between 2-4m/s (shown in Figure 5.9). The 10th percentile point value 
was used to estimate the minimal wave speed in the sample (for small angles, this speed is mainly 




Figure 5.5 (a) Normalized out-of-plane displacement ?̅? (dimensionless) in the ROI of one gel experimental sample 
(sample 1, 𝑓 = 400𝐻𝑧). Displacement is normalized by the mean displacement amplitude = 0.2 µm . (b) Shear wave 
speeds in the ROI of one experimental gel sample. Image slices are displayed from top to bottom in the 𝑍-direction. 
 
Figure 5.6 (a) Normalized out-of-plane displacement ?̅?  (dimensionless) in the ROI of one simulated sample. 
Displacement is normalized by the mean displacement amplitude = 0.5 µm. (b) Shear wave speeds in the ROI of one 
simulated isotropic sample. Image slices are displayed from top to bottom in the 𝑍-direction.(𝜇 = 3000𝑃𝑎, 𝜙 =





Figure 5.7 (a) Normalized out-of-plane displacement ?̅? in the ROI of one muscle tissue (chicken breast) experimental 
sample (sample XX, 𝑓 = 400𝐻𝑧 , fiber direction 𝒂 = [0.99,0,0.01]) . Displacement is normalized by the mean 
displacement amplitude = 0.3 µm. (b) Shear wave speeds in the ROI of the tissue sample. Image slices are displayed 
from top to bottom in the 𝑍-direction. 
 
Figure 5.8 (a) Normalized out-of-plane displacement ?̅? in the ROI of one simulated tissue sample with fiber direction 
𝒂 = [1,0,0]. Displacement is normalized by the mean displacement amplitude = 0.3 µm. (b) Shear wave speeds in 
each voxel of ROI of the simulated tissue sample. Image slices are displayed from top to bottom in the 𝑍-direction. 




Figure 5.9 The minimal shear wave speed is defined as the 10th percentile of the shear wave speeds in all voxels. The 
minimal shear wave speed is one of the input features used in neural network estimation. 
5.3.2.2 Strain ratios 
In a nearly-incompressible transversely isotropic material model, the material behavior is governed 
by the bulk modulus, 𝐾, baseline shear modulus 𝜇, tensile anisotropy 𝜁, and shear anisotropy, 𝜙 






























































































































































































































− 1; 𝜁 =
𝐸1
𝐸2
− 1. The parameters 𝜇1 and 𝜇2 are the shear moduli in planes parallel to 
the fiber direction and perpendicular to fiber direction respectively, and 𝐸1 and 𝐸2 are the tensile 
moduli in directions parallel to the fiber direction and perpendicular to fiber direction respectively.  
The strain tensor can be described in terms of spatial derivatives of displacement: 
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5.3.2.3 Strains with respect to material symmetry 
To characterize deformations with respect to the material symmetry, strains are estimated in the 
“fiber direction” and relevant “non-fiber” directions. The “non-fiber” directions are chosen to have 
the same component in the 𝑍-direction (loading direction) as the fiber direction, but rotated by 
±90 degrees about the 𝑍-axis. Loading needs to be consistent in fiber and non-fiber direction so 
that the loading has equivalent effects on fiber and non-fiber strain components, and thus any 
differences are due to material asymmetry. 
Experiment: Fiber direction at each voxel is obtained from the principal axis of the diffusion tensor 
corresponding to the direction of greatest diffusivity from the diffusion tensor imaging (DTI) scan. 
The average fiber direction, 𝒂 = [𝑎𝑥 , 𝑎𝑦, 𝑎𝑧] , is obtained by spatially averaging this direction over 
all voxels in the ROI of imaged volume. The non fiber directions are 𝒃 = [−𝑎𝑦, 𝑎𝑥 , 𝑎𝑧] and 𝒆 =
[𝑎𝑦, −𝑎𝑥 , 𝑎𝑧] which have the same 𝑍-component with 𝒂 but rotated by 90 degrees about the z-axis. 
The vectors 𝒄 , 𝒅 , and 𝒇  used to define the shear strains with respect to fiber and non-fiber 
directions, are obtained by cross-products which are perpendicular to the fiber and non-fiber 
direction 𝒂, 𝒃, and 𝒆:  
𝒄 = 𝒂 × (𝒂 × 𝒌);  𝒅 = 𝒃 × (𝒃 × 𝒌);  𝒇 = 𝒆 × (𝒆 × 𝒌), (5.6) 
Simulation: Fiber direction 𝒂 and corresponding non-fiber direction 𝒃, 𝒆 can be described as: 
𝒂 =  [𝑐𝑜𝑠𝜃, 0, 𝑠𝑖𝑛𝜃]; 𝒃 = [0, 𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃]; 𝒆 = [0,−𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃]; (5.7) 
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To obtain shear strains in planes containing the fiber direction or normal to the fibers, the following 
unit vectors are defined, 𝒄 ⊥ 𝒂 in the 𝑋𝑍-plane (the plane containing the fibers), and 𝒅 ⊥ 𝒃, 𝒇 ⊥ 𝒆 
in the perpendicular 𝑌𝑍-plane (as Figure 5.10 shows): 
𝒄 = [𝑠𝑖𝑛𝜃, 0, 𝑐𝑜𝑠𝜃]; 𝒅 = [0, 𝑠𝑖𝑛𝜃, 𝑐𝑜𝑠𝜃]; 𝒇 = [0,−𝑠𝑖𝑛𝜃, 𝑐𝑜𝑠𝜃]; (5.8) 
 
Figure 5.10 (a) Geometry for simulation of MR-HUM in muscle tissue (chicken breast). (b-c) Fiber direction (𝒂) and 
non-fiber direction (𝒃, 𝒆 ) vectors, and perpendicular vectors 𝒄, 𝒅, 𝒇,  are used to compute corresponding strain 
components (𝜇 = 3000𝑃𝑎, 𝜙 = 1, 𝜁 = 1, 𝜃 = 30°, 𝑓 = 400𝐻𝑧). Displacement field is also shown in panel (b-c). 
Vectors shown in red (𝒂, 𝒄) lie in the XZ plane containing the fibers. Vectors in the perpendicular (YZ) plane are 
shown in blue (𝒃, 𝒅, 𝒆, 𝒇). 
The strain components 𝐸𝑎𝑎 and 𝐸𝑏𝑏 are designated as “fiber” tensile strain and “non-fiber” tensile 
strain, respectively. Similarly, the strain components 𝐸𝑎𝑐 and 𝐸𝑏𝑑 are “fiber” and “non-fiber” shear 
strains. These components are the fiber directions and Cartesian strain: 
𝐸𝑎𝑎 = 𝒂𝐸𝒂
𝑇; 𝐸𝑏𝑏 = 𝒃𝐸𝒃
𝑇; 𝐸𝑒𝑒 = 𝒆𝐸𝒆
𝑇 (5.9) 
𝐸𝑎𝑐 = 𝒂𝐸𝒄
𝑇; 𝐸𝑏𝑑 = 𝒃𝐸𝒅
𝑇; 𝐸𝑒𝑓 = 𝒆𝐸𝒇
𝑇 (5.10) 
Maps of normalized strain components in the ROI are shown in Figure 5.11 and 5.12 for one slice 
near the actuation in an experimental and simulated sample, respectively. Strain fields are 
qualitatively similar between experiment and simulation, with the out-of-plane (z) components 










√(𝐸𝑥𝑥 − 𝐸𝑧𝑧)2 + (𝐸𝑥𝑥 − 𝐸𝑧𝑧)2 + (𝐸𝑥𝑥 − 𝐸𝑧𝑧)2 + 6(𝐸𝑥𝑦2 + 𝐸𝑦𝑧2 + 𝐸𝑧𝑥2 ) (5.12) 
 
Figure 5.11 Strains on the top surface of the ROI of one experimental muscle tissue sample (sample A, chicken breast, 
fiber direction 𝒂 = [0.99,0,0.01] ). (a-c) Normal strains (𝐸𝑥𝑥 , 𝐸𝑦𝑦 , 𝐸𝑧𝑧)  (d-e) Fiber strain and non-fiber strain 
(𝐸𝑎𝑎 , 𝐸𝑏𝑏). (f-h) Shear strains (𝐸𝑥𝑦 , 𝐸𝑦𝑧 , 𝐸𝑧𝑥). (i-j) Fiber shear strain (𝐸𝑎𝑐 , 𝐸𝑏𝑑) in the three principal directions of the 
Cartesian coordinate system. (𝑓 = 400𝐻𝑧). Strains are normalized with respect to mean octahedral shear strain in the 
ROI: ?̅?𝑜𝑐𝑡 = 1.62 × 10
−4. 
 
Figure 5.12 Strains on the top surface of the ROI of one simulated anisotropic sample with fiber direction 𝒂 = [1,0,0]). 
(a-c) Normal strains (𝐸𝑥𝑥 , 𝐸𝑦𝑦 , 𝐸𝑧𝑧) . (d-e) Fiber strain and non-fiber strain (𝐸𝑎𝑎 , 𝐸𝑏𝑏).  (f-h) Shear strains 
(𝐸𝑥𝑦 , 𝐸𝑦𝑧 , 𝐸𝑧𝑥). (i-j) Fiber shear strain (𝐸𝑎𝑐 , 𝐸𝑏𝑑) in the three principal directions of the Cartesian coordinate system. 
(𝜇 = 5000𝑃𝑎, 𝜙 = 1.5, 𝜁 = 2, 𝜃 = 0, 𝑓 = 400𝐻𝑧) . Strains are normalized with respect to mean octahedral shear 
strain in the ROI: ?̅?𝑜𝑐𝑡 = 2.89 × 10
−4. 
In anisotropic materials, the strains in fiber and non-fiber directions caused by axisymmetric 
loading are expected to be unequal, with greater strain in the non-fiber direction if the fibers 
provide stiffness. This expectation was confirmed in simulations. The relationships observed in 
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simulations between the tensile strain ratio 
𝐸𝑏𝑏
𝐸𝑎𝑎
, the shear strain ratio 
𝐸𝑏𝑑
𝐸𝑎𝑐
, and input model 




Figure 5.13  Tensile strain ratios 𝐸𝑏𝑏/𝐸𝑎𝑎   (non-fiber/fiber) and shear strain ratios 𝐸𝑏𝑑/𝐸𝑎𝑐 in simulations increase 
with increasing tensile anisotropy 𝜁 and increasing shear anisotropy 𝜙 respectively. The relationships diminish with 
the increasing fiber angle (deviation of fiber from the horizontal plane normal to the applied loading). Different 
surfaces are obtained for different value of 𝜇 from 1000Pa to 9000Pa. Red points represented the special case when 
material is fully isotropic. 
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With other parameters fixed, the tensile strain ratio 𝐸𝑏𝑏/𝐸𝑎𝑎  exhibits an approximately linear 
relationship with tensile anisotropy 𝜁; likewise, with other parameters fixed, the shear strain ratio 
𝐸𝑏𝑑/𝐸𝑎𝑐  exhibits an approximately linear relationship with the shear anisotropy 𝜙 . The 
relationship between strain ratio 𝐸𝑏𝑏/𝐸𝑎𝑎  and 𝐸𝑏𝑑/𝐸𝑎𝑐 and model parameters 𝜙  and 𝜁 is clearest 
when the fiber deviation angle from the 𝑋𝑌-plane is less than 30 deg. In the ideal case, like 
simulations, 𝐸𝑒𝑒/𝐸𝑎𝑎  and 𝐸𝑒𝑓/𝐸𝑎𝑐 are equal to 𝐸𝑏𝑏/𝐸𝑎𝑎  and 𝐸𝑏𝑑/𝐸𝑎𝑐  respectively. However, in 
experiments the additional strain ratios should increase robustness to noise and measurement errors. 
5.3.3 Artificial Neural Network (ANN) 
ANNs have previously been applied to estimate properties of metal [94], porous material [95], and 
food products [96]. In the current implementation, we exploit the axisymmetric features of the 
MR-HUM experimental dataset to use simulation data to train the network to estimate parameters 
from experimental data. The neural network approach is implemented using the Neural Network 
Toolbox in MATLAB R2019b.  
5.3.3.1 Basic setup 
The train function with the trainbr method is used as the Bayesian regularized neural network tool 
in the MATLAB Neural Network Toolbox (“net = train(net,X,Y)”). The default parameters are: 
one hidden layer (Figure 5.14); hidden layer size 𝐻 = 20; regularization parameter 𝜆𝑅 = 0.2. The 
perform function is used for verifying the performance of neural network (“perform(net,X,Y)”). 
The fitnet fuction is used for developing the neural network with hidden layer of certain numbers 
of elements and training function (“net = fitnet(20, ‘trainbr’)”);. The input features of the neural 
network are 𝑋 = [cos𝜃 , 𝑠𝑖𝑛𝜃, 𝐸𝑏𝑏/𝐸𝑎𝑎 ,  𝐸𝑏𝑑/𝐸𝑎𝑐 , 𝐸𝑒𝑒/𝐸𝑎𝑎 ,  𝐸𝑒𝑓/𝐸𝑎𝑐 ,  𝐶𝑠] and the output features 
are mechanical properties 𝑌 = [𝜇,𝜙, 𝜁 ]. Bayesian regularization with backpropagation is applied 
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to avoid over-fitting. Bayesian regularization is a training algorithm that adds terms in the loss 
function so that training minimizes a linear combination of root-mean-squared errors and 
parameter magnitudes. The algorithm modifies the linear combination to achieve a network with 
good generalization qualities [40]. Parameters are typically normalized to be in the same scale [-1 
1] with mapminmax function, to improve performance and accuracy [97].  
Simulations were performed to span the range of expected parameters, as described above. All 
2520 simulated data sets with excitation frequency 400Hz and 500Hz are divided into three groups 
randomly: training sets, validation sets and testing sets, respectively 70%, 20% and 10% of the 
data sets. The range of input features and output features and min/max value in the data are shown 
in Table 5.1. 
 
Table 5.1 Original and normalized (in parentheses) material parameter values for neural network training 
Parameter min mean max interval 
𝜇𝑛𝑜𝑟𝑚(𝑃𝑎) 1000 (-1) 5000 (0) 9000 (1) 2000 (0.5) 
𝜙 -0.5 (-1) 0.75 (0) 2 (1) 0.5 (0.4) 
𝜁 -0.5 (-1) 0.75 (0) 2 (1) 0.5 (0.4) 
 
Figure 5.15 shows the prediction of each parameter and the corresponding 𝑅2 values in the test 
data, for different values of added noise. Generally, the accuracy in predicting the baseline shear 
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modulus 𝜇 is better than accuracy in predicting the two anisotropy parameters 𝜙 and 𝜁. This may 
be because under these experimental conditions, 𝜇 can be estimated closely from just the minimum 
shear wave speed.  
 
Figure 5.14 Neural network structure. There are 7 input features (cos𝜃 , 𝑠𝑖𝑛𝜃, 𝐸𝑏𝑏/𝐸𝑎𝑎 ,  𝐸𝑏𝑑/𝐸𝑎𝑐 , 𝐸𝑒𝑒/𝐸𝑎𝑎 ,  𝐸𝑒𝑓/




Figure 5.15 Scatter plots showing parameter estimates vs true parameter values (𝜇, 𝜙, 𝜁) and corresponding 𝑅2 value 
for “test” data from simulations, using neural networks trained with different noise levels 𝜓 added to the simulation. 
(a) No noise. (b) 5% noise. (c) 10% noise. Other default parameters are: loss factor 𝜂𝑠 =  0.4, ROI radius 𝑅𝑜 =  10 
mm, regularization parameter 𝜆𝑅 = 0 and layer size 𝐻 = 20. 
5.3.3.2 Neural network ensemble 
Neural network estimates vary because training sets, validation sets and testing sets are randomly 
selected each time a neural network is trained. Therefore, a single estimation is not sufficient to 
prove its accuracy. However, it is possible to perform multiple cycles of neural network training 
and obtain distributions of estimates for each parameter. This provides a powerful method to 
estimate expected (mean) parameter values and confidence intervals. This concept, using an 
ensemble of neural networks with a plurality consensus shows far better performance than a single 
copy of a neural network [98].  
92 
 
To achieve this, 100 cycles of models are applied to generate an ensemble of neural networks 
(𝑁𝑁1, 𝑁𝑁2 …𝑁𝑁100 ). The weight (𝑤1, 𝑤2 …𝑤100 ) of each predicted value (𝑑1, 𝑑2 …𝑑1000 ) is 







= 1 (5.13) 
From the distribution of 100 cycles of estimation, assumed to be a normal distribution (Figure 
5.16), the mathematical expectation is the mean value:  
𝑑̅ = 𝑚𝑒𝑎𝑛(𝑑𝑖)    𝑖 = 1,2,3,… ,100 (5.14) 
 
Figure 5.16 Example of estimated results distribution from one sample with 100 cycles. Columns (left, center, right) 
correspond to parameters (𝜇,𝜙, 𝜁). (a) Estimated results for muscle sample when fiber angle 𝜃 = 4.2° from the 
horizontal (𝑋𝑌) plane (𝑓=400 Hz). (b) Estimated results for muscle sample when fiber angle 𝜃 = 6.6° (𝑓=400 Hz). 
(c) Estimated results for tissue sample when fiber angle 𝜃 = 41.4°(𝑓=500 Hz). (d-e) Estimated results for gels (two 
different samples, 𝑓=400 Hz). 
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5.3.3.3 Region of interest 
To analyze data near the excitation site (the ultrasound focus) and minimize boundary effects, data 
within a hemispherical region of interest are included in the neural network fitting. The 
hemispherical ROI is defined by a “mask” with specific outer radius and inner radius, as shown in 
Figure 5.17. The effect of the choice of outer mask radius was investigated by using different 
values: 12mm, 10mm and 8mm, the inner radius was fixed at 1.5mm to reduce the influence of 
strains in the focal region.  
 
Figure 5.17 Top views of hemispherical ROIs with various outer radii: (a) 𝑅𝑜 = 12 mm; (b) 𝑅𝑜 = 10 mm; (c) 𝑅𝑜 =
8 mm. The inner radius 𝑅𝑖 = 1.5 mm. 
5.3.3.4 Avoiding overfitting 
In training neural networks, overfitting is a problem to avoid. Overfitting provides good 
performance in training sets but not in test data or in applications. Remedies include adding noise 
on the input features [99], simplification of the neural network, and early stopping [100]. In this 
study we examine the effects of added noise and a non-zero regularization parameter using 
Bayesian regularization. Bayesian regularization minimizes a linear combination of squared errors 
and weights. It also modifies the linear combination so that at the end of training the resulting 
network has good generalization qualities [101]. 
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5.3.3.5 Robustness verification 
To verify the robustness of the neural network approach, the influence of various modeling and 
fitting choices was assessed. These choices included 
(i) The isotropic loss factor in simulation (amount of damping). The loss factor in simulation 
describes shear wave attenuation, the larger the loss factor, the faster shear waves attenuate. 
The loss factor in chicken breast tissue was estimated from prior work. 
(ii) ROI size, parameterized by mask radius. A larger ROI includes more waves, but would 
also increase effects of boundary interactions and noise. 
(iii) Noise added to training data. Noise is added to training data for verification of robustness 
of the system. As discussed above, adding noise will help avoid overfitting the neural 
network. 
(iv) Regularization parameter. Regularization parameters modulate additional terms in the 
objective function of the neural network training that penalize parameter magnitudes to 
prevent overfitting. 
(v) Number of nodes in the single hidden layer. Increasing nodes in the hidden layer will 
increase the network’s ability to reproduce training data, but can lead to overfitting and 
requires more computational effort. 





Table 5.2 Default values of various conditions with bounds 
Parameter min default max 
ROI radius,𝑅𝑜(mm) 8 10 12 
Loss factor, 𝜂𝑠 0.3 0.4 0.5 
Noise level, 𝜓 0 0.05 0.1 
Hidden layer size, 𝐻 10 20 30 
Regularization 
parameter, 𝜆𝑅 
0 0.2 0.5 
 
5.4 Results 
Isotropic gels are used to evaluate the neural network approach because their shear anisotropy 𝜙 
and tensile anisotropy 𝜁 are theoretically 0. The comparison between estimated parameters and 
theoretical answer will reflect the accuracy and reliability of the neural network system. 
Data from ten muscle tissue (chicken breast) experimental samples were used for parameter 
estimation. Estimates of material parameters (𝜇,𝜙, 𝜁) are obtained by neural network fitting for 
the ranges of model and fitting choices in Table 5.2.  
5.4.1 Isotropic gel sample 
In experimental samples of gelatin/glycerol, the estimation procedure was performed with various 
values of assumed (pseudo) “fiber direction.” Since there are actually no fibers, and the gel is 
isotropic, the influence of experimental error in strain and shear wave speed estimation is 
illustrated by the range of non-zero estimates of anisotropy parameters 𝜙 and 𝜁. 
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Table 5.3-5.4 shows results for two experimental gel samples, for the general case in which the 
(pseudo) fiber direction lies in the 𝑋𝑍-plane and deviates from the 𝑋𝑌-plane by various angles. 
Table 5.3 Fiber deviation angle from 𝑋𝑌-plane (Sample 1) 
(Pseudo) fiber 
angle (deg) 
𝜇(𝑃𝑎) 𝜙 𝜁 
0 2400 ± 173 −0.14 ± 0.14 −0.24 ± 0.2 
10 2606 ± 154 −0.14 ± 0.1 −0.31 ± 0.13 
20 2689 ± 144 −0.08 ± 0.11 −0.37 ± 0.14 
30 2602 ± 174 0.15 ± 0.15 −0.27 ± 0.21 
 
Table 5.4 Fiber deviation angle from 𝑋𝑌-plane (Sample 2) 
Angle (deg) 𝜇(𝑃𝑎) 𝜙 𝜁 
0 3634 ± 175 −0.31 ± 0.1 −0.24 ± 0.11 
10 3703 ± 135 −0.3 ± 0.08 −0.25 ± 0.09 
20 3652 ± 121 −0.27 ± 0.07 −0.27 ± 0.08 
30 3564 ± 151 −0.19 ± 0.1 −0.27 ± 0.11 
 
Table 5.5-5.6 shows results for two experimental gel samples, for the general case in which the 






Table 5.5 Fiber deviation angle from 𝑋𝑍-plane (Sample 1) 
Angle (deg) 𝜇(𝑃𝑎) 𝜙 𝜁 
0 2400 ± 173 −0.14 ± 0.14 −0.24 ± 0.2 
10 2384 ± 184 −0.11 ± 0.13 −0.25 ± 0.17 
20 2404 ± 164 −0.11 ± 0.14 −0.23 ± 0.17 
30 2348 ± 146 −0.11 ± 0.13 −0.17 ± 0.16 
45 2283 ± 186 −0.07 ± 0.14 −0.12 ± 0.16 
60 2243 ± 152 −0.05 ± 0.12 −0.08 ± 0.17 
75 2236 ± 147 −0.08 ± 0.15 −0.01 ± 0.18 
90 2280 ± 153 −0.09 ± 0.13 −0.04 ± 0.19 
 
Table 5.6 Fiber deviation angle from 𝑋𝑍-plane (Sample 2) 
Angle (deg) 𝜇(𝑃𝑎) 𝜙 𝜁 
0 3634 ± 175 −0.31 ± 0.1 −0.24 ± 0.11 
10 3563 ± 152 −0.29 ± 0.08 −0.23 ± 0.11 
20 3408 ± 157 −0.23 ± 0.09 −0.22 ± 0.11 
30 3170 ± 154 −0.16 ± 0.09 −0.18 ± 0.12 
45 2849 ± 116 0.04 ± 0.09 −0.16 ± 0.1 
60 2627 ± 137 0.26 ± 0.11 −0.1 ± 0.12 
75 2573 ± 139 0.41 ± 0.12 −0.1 ± 0.14 




5.4.2 Muscle tissue samples  
Material parameter estimates are obtained in ten experimental samples, with different model and 
fitting parameters (isotropic loss factor, mask radius, regularization parameter, noise level, and 
hidden layer size). 
5.4.2.1 Loss factor  
The choice of isotropic loss factor in the simulation affects the attenuation of the shear waves, and 
might influence estimates of elastic parameters. The true isotropic loss factor was not known, 
although it has previously been estimated to be near 𝜂𝑠 = 0.4 [102]. Estimation results are shown 
in Figure 5.18 for different loss factors (green/circle: 𝜂𝑠 = 0.5 ; red/diamond: 𝜂𝑠 = 0.4 , 
blue/square: 𝜂𝑠 = 0.3). The mean value of the estimated shear modulus 𝜇 increases slightly with 
the loss factor; estimates of shear anisotropy 𝜙 and tensile anisotropy 𝜁 decrease. The apparent 
shear modulus 𝜇  at 500Hz is higher than at 400Hz (as expected for a viscoelastic material), 





Figure 5.18 Effect of isotropic loss factor in simulations on estimated material parameters (𝜇, 𝜙, 𝜁) in gel and muscle tissue. Scatter 
plots show estimates in each sample with mean values indicated by bold lines. Columns in each figure separate different excitation 
frequencies, 300 Hz, 400 Hz and 500Hz. Marker colors indicate different values of the different loss factors (green/circle: 𝜂𝑠 = 0.5; 
red/diamond: 𝜂𝑠 = 0.4, blue/square: 𝜂𝑠 = 0.3). 
5.4.2.2 ROI outer radius 
Estimation results are shown in Figure 5.19 for different ROI outer radius (green/circle: 𝑅𝑜 =
12mm; red/diamond: 𝑅𝑜 = 10 mm, blue/square: 𝑅𝑜 = 8 mm). The size of the ROI affects the 
estimates, by influencing what data is included. Larger radii include more data, but decrease the 
average signal-to-noise ratio, and include more boundary effects. Estimates of shear modulus 𝜇 
decrease with the mask radius, as do estimates of shear anisotropy and tensile anisotropy 𝜙, 𝜁. The 





Figure 5.19 Effect of ROI outer radius size on estimated material parameters (𝜇, 𝜙, 𝜁) in gel and muscle tissue. Scatter plots show 
estimates in each sample with mean values indicated by bold lines. Columns in each figure separate different excitation frequencies, 
300 Hz, 400 Hz and 500Hz. Marker colors indicate different values of the ROI outer radius (green/circle: 𝑅𝑜 = 12mm; red/diamond: 
𝑅𝑜 = 10 mm, blue/square: 𝑅𝑜 = 8 mm). 
5.4.2.3 Number of nodes in hidden layer 
Estimation results are shown in Figure 5.20 for different hidden layer size (green/circle: 𝐻 = 30; 
red/diamond: 𝐻 = 20, blue/square: 𝐻 = 10). The influence of hidden layer size is interesting 
because the shear modulus 𝜇 reaches minimum value at H=20 when 𝜙 and 𝜁 reach maximum. 





Figure 5.20 Effect of hidden layer size on estimated material parameters (𝜇, 𝜙, 𝜁) in gel and muscle tissue. Scatter plots show 
estimates in each sample with mean values indicated by bold lines. Columns in each figure separate different excitation frequencies, 
300 Hz, 400 Hz and 500Hz. Marker colors indicate different values of the hidden layer size (green/circle: 𝐻 = 30; red/diamond: 
𝐻 = 20, blue/square: 𝐻 = 10). 
5.4.2.4 Level of added noise  
Estimation results are shown in Figure 5.21 for different added noise (green/circle: 𝜓 = 10%; 
red/diamond: 𝜓 = 5%, blue/square: 𝜓 = 0). The added noise does not appear to have a large 
effect change the estimation. 
 
Figure 5.21 Effect of noise level added to training data on estimated material parameters (𝜇, 𝜙, 𝜁) in gel and muscle tissue. Scatter 
plots show estimates in each sample with mean values indicated by bold lines. Columns in each figure separate different excitation 
frequencies, 300 Hz, 400 Hz and 500Hz. Marker colors indicate different values of added noise (green/circle: 𝜓 = 10% ; 
red/diamond: 𝜓 = 5%, blue/square: 𝜓 = 0). 
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5.4.2.5 Regularization parameter 
Estimation results are shown in Figure 5.22 for different regularization parameter (green/circle: 
𝜆𝑅 = 0.5 ; red/diamond: 𝜆𝑅 = 0.2 , blue/square: 𝜆𝑅 = 0 ). It shows the influence from 
regularization parameters. Shear modulus 𝜇 decreases with increasing regularization parameter, 
meanwhile 𝜙 and 𝜁 are increasing. With higher regularization parameter, the neural network will 
tend to be stopped early for avoiding over-fitting, the higher regularization parameter is, the more 
iterations neural network runs. 
  
Fig. 5.22 Effect of regularization parameter on estimated material parameters (𝜇, 𝜙, 𝜁) in gel and muscle tissue. Scatter plots show 
estimates in each sample with mean values indicated by bold lines. Columns in each figure separate different excitation frequencies, 
300 Hz, 400 Hz and 500Hz. Marker colors indicate different values of the regularization parameter (green/circle: 𝜆𝑅 = 0.5; 
red/diamond: 𝜆𝑅 = 0.2, blue/square: 𝜆𝑅 = 0). 
5.5 Discussion and Conclusions 
In nearly-incompressible, transversely isotropic materials, three key parameters, baseline shear 
modulus, shear anisotropy, and tensile anisotropy, were estimated from images of ultrasound-
induced shear waves using artificial neural network fitting. The neural networks were trained using 
data from simulations as input and known model parameters as outputs. Input features included 
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fiber direction, strain ratios, and wave speed (cos𝜃 , 𝑠𝑖𝑛𝜃, 𝐸𝑏𝑏/𝐸𝑎𝑎 ,  𝐸𝑏𝑑/𝐸𝑎𝑐 , 𝐸𝑒𝑒/𝐸𝑎𝑎 ,  𝐸𝑒𝑓/
𝐸𝑎𝑐 ,  𝐶𝑠). Estimates of parameters in fibrous muscle tissue (chicken breast) differed from those in 
gelatin/glycerol gel. 
Modeling and neural network fitting choices can also affect estimates of material parameters. For 
example, when the assumed loss factor is increased, estimates of shear modulus 𝜇  increases 
slightly, while estimates of shear and tensile anisotropy 𝜙, 𝜁 decrease. If the size of the ROI is 
increased, estimates of shear modulus 𝜇 and anisotropy parameters (𝜙, 𝜁) all decrease. 
Excitation frequencies also affects the material mechanical response. Higher shear modulus 𝜇, is 
observed at 500 Hz compared to 400 Hz; this increase in baseline shear modulus, which is typical 
of viscoelastic biological materials [103, 104], is accompanied by lower estimates of shear and 
tensile anisotropy 𝜙, 𝜁.  
The neural network estimates of tissue parameters in chicken breast ex vivo, using the default 
choices of model and fitting parameters, are 𝜇 = 6.26 ± 0.83 kPa , 𝜙 = 1.12 ± 0.51,  and 𝜁 =
1.26 ± 0.63 at 400Hz. These are reasonably consistent with estimates from Guertler et al. [75], 
(𝜇 = 8.95 ± 1.23 kPa, 𝜙 = 0.67 ± 0.41, 𝜁 = 1.37 ± 0.68) for the same tissue samples obtained 
by using the phase gradient to calculate wave speed in different directions from MR-HUM data, 
and has a similar performance on the standard deviation. Preliminary dynamic shear testing (DST) 
of chicken breast samples also provided estimates of 𝜇 = 6.19 ± 1.71 kPa, 𝜙 = 0.84 ± 0.30 at 
25-45 Hz. This test is unable to provide information on tensile modulus. Neither previous MR-
HUM or DST is ideal; the phase gradient is susceptible to errors caused by numerical 
differentiation and phase wrapping, and DST is susceptible to variations in contact and order of 
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sample testing. However, the general agreement between results from the current approach and 
prior methods is encouraging.   
Limitations of this study include the fact that only small-amplitude wave motion is obtained in 
MR-HUM, as is the case for MRE experiments, and thus the parameters only describe linear elastic 
or viscoelastic behavior. The nearly-incompressible, transversely isotropic material model is the 
only model considered. More complex, nonlinear, hyperelastic or hyper-viscoelastic models, such 
as the Holzapfel-Gasser-Ogden (HGO) model [52] would be appropriate to characterize behavior 
of fibrous materials in the large-deformation regime. Wave motion would need to be superimposed 
on large deformations to probe nonlinear behavior [52].   
The application of deep learning to this problem is a topic of future interest. In contrast to 
traditional “shallow” artificial neural networks, a deep learning network contains more elements 
in each layer and more complicated layer structure, which allows it to handle larger input and 
output data sets with less human intervention (pre-processing and post-processing). Deep learning 
has been used for medical image classification [105, 106], lesion detection and segmentation [107, 
108] in recent years. A deep learning algorithm would be required to estimate material parameters 
directly from raw displacement fields, instead of using a small set of features (i.e., strain ratios and 
shear wave speeds) calculated from the displacement and strain fields. Deep learning typically 
requires more data and is more computationally intensive, but may ultimately be more powerful 
for non-invasive characterization of in vivo tissue. 
5.6 Summary 
In this chapter, artificial neural networks with a single hidden layer were trained to estimate 
material parameters of a nearly-incompressible TI material from MR-HUM experimental 
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measurements (fiber angle, strain ratios, and shear wave speeds) in the tissue sample and isotropic 
gel. Not only the expected values of material parameters, but also distributions that illustrate 
confidence intervals were obtained, by training ensembles of neural networks. Estimates were 
found to be robust to the choices of mask radius, isotropic loss factor, noise level, hidden layer 




Chapter 6: Summary and outlook 
6.1 Summary of Dissertation 
 This dissertation focuses on characterizing the mechanical properties of soft fibrous anisotropic 
materials with one fiber family and two fiber families. Material models include linear viscoelastic 
models (transversely isotropic and orthotropic) and the hyperelastic Holzapfel-Gasser-Ogden 
(HGO) model. This dissertation also introduces methods to analyze simulated and experimental 
fields that exploit the relationship between material properties and shear wave behavior to estimate 
model parameters. Among these is a novel machine learning algorithm to estimate parameters of 
a transversely isotropic material. 
Chapter 1 described the motivation for characterizing anisotropic soft fibrous materials like muscle 
and brain tissue. It also included an overview of material anisotropy and elastography techniques. 
Chapter 2 reviewed the theoretical concepts underlying MR elastography. The constitutive laws 
governing stress-strain relationships in solids were presented. These laws were expressed in terms 
of stiffness and compliance matrices for isotropic and anisotropic materials. 
Chapter 3 established relationship between shear wave speed and mechanical properties in a one-
fiber family (transversely isotropic) material. In both linear viscoelastic and HGO models, closed 
form expressions for shear wave speeds in terms of model parameters. These expressions were 
used to demonstrate a method to estimate model parameters from simulated data with different 
noise levels. 
Chapter 4 introduced two-fiber family (orthotropic linear viscoelastic and HGO) material models, 
extending the approach used in Chapter 3. The relationships between model parameters and shear 
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wave speeds are more complicated.  Closed-form expressions for shear wave speeds were obtained 
again as functions of material parameters and propagation characteristics. The influence of pre-
deformation in various directions (compression, shear), for different fiber orientations is discussed. 
This concept has the potential for use in uncovering nonlinear material behavior.  
Chapter 5 describes the use of a machine learning algorithm, specifically neural network regression, 
for estimation of material properties. Experimental data were obtained in isotropic gelatin as well 
as in muscle tissue (chicken breast) ex vivo. Simulations were used to provide data for training 
neural network, which was then applied to experimental measurements. Modeling and fitting 
choices were varied to assess the robustness of neural network approach in characterizing this 
tissue. 
Some common limitations in these studies arise from the inevitable differences between the 
simulations and the experiments, such as non-ideal or variable loading and boundary conditions. 
Additionally, estimation of anisotropic material parameters is still based on numerical post-
processing of discrete measurements of displacement, with finite resolution, precision, and 
accuracy. Errors from these steps will decrease the stability and accuracy of inversions, whether 
by traditional or neural network approaches.  
Even with these limitations, this dissertation takes important steps in relating shear wave behavior, 
analytically or by machine learning, to the model parameters of anisotropic materials, and using 
these relationships to characterize biological tissues. 
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6.2 Future Work 
The next steps for this research might include developing and applying a deep learning algorithm 
for the estimation of material properties directly from images of the displacement field, without 
using calculated strains or shear wave speeds. Ideally, estimates could be obtained from full-field 
measurements of a single displacement component instead of the entire vector field. Combining 
approaches from Chapters 4 and 5, the neural network approach might be applied to two-fiber-
family materials. Finally, the theoretical and methodological improvements in this thesis could be 
applied to estimate mechanical properties in brain or muscle tissue in vivo. 
6.3 Summary of Achievement 
The principal achievements of my research are closed-form expressions for shear wave speeds in 
one-fiber-family and two-fiber-family anisotropic materials, including the influences of pre-
deformation and fiber orientations on shear wave speeds. I also derived, in closed form, the 
compliance and stiffness matrices in two-fiber-family models in terms of the parameters in linear 
viscoelastic and HGO models. Lastly, I introduced a neural network method for estimating the 
properties of an anisotropic material from experimental MR elastography data, using simulated 
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